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Abstract 	
Mathematics Teacher Professional Development As A Virtual Boundary Encounter 
Anthony Vincent Matranga 
Jason Silverman, Ph.D. 
 	
 
Mathematics instruction in US schools is largely inconsistent with visions of research and 
policy, which suggest instruction should be student-centered, maintain high levels of 
cognitive demand, and support rich mathematical discussion and argumentation. 
Professional development (PD) figures prominently in addressing this issue, and studies 
have shown that teachers’ involvement in community-based PD is one way to promote 
instructional change. This study investigated teachers’ participation in online community-
based PD that was designed to support participants’ development of research-based 
instructional practices and concurrent enculturation into the Math Forum ⎯ one of the 
premier groups for mathematics and mathematics education in the United States. The 
design of the online PD included activity mediated by the EnCoMPASS Environment, a 
specifically designed web-based assessment environment that scaffolds participation in 
particular practices. This study found that as a result of participation in the online PD 
course participants began to participate in a social norm and sociomathematical norm for 
developing mathematical explanations that examine quantitative relationships and engage 
covariational analysis. Moreover, the EnCoMPASS Environment scaffolded participation 
in an evidence-based feedback practice and participation in this feedback practice 
transferred across modalities in the course. This study has implications for supporting 
teachers’ instructional change and contributes to an understanding of a scalable design for 
mathematics teacher professional development that can support teachers’ development of 
	 		 xi	
generative and productive norms and practices as well as position teachers for more 
prolonged engagement in online community of practice.  
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Chapter 1: Introduction 
Today’s technical careers require mathematics understandings that are highly 
connected and applicable in a variety of contexts. To prepare America’s youth for these 
careers there is a push to support teachers’ development of research-based instructional 
practices to improve mathematics teaching and learning (National Council of Teachers of 
Mathematics, 2000; National Governers Association Center for Best Practices and 
Council of Chief State School Officers (NGA Center and CCSSO), 2010). Such 
instructional practices include student-centered practices that place cognitive demand on 
students, foster participatory learning and evidence-based argumentation. Despite an 
emerging consensus that research-based practices are effective in enhancing students’ 
development of transferable and generalizable mathematical understandings, classroom 
instruction is still largely the same as it was 50 years ago (Fullan, 2009). 
Understanding how to support teachers’ development of research-based 
instructional practices and concurrent instructional change is an ongoing focus in 
mathematics education research. Such instructional practices include formative 
assessment practices (Black & Wiliam, 1998; Heritage, Kim, Vendlinski, & Herman, 
2009), orchestrating student-student mathematical discussions (Stein, Engle, Smith, & 
Hughes, 2008), and the analysis of mathematical tasks for supporting learning (Stein, 
Grover, & Henningsen, 1996). While these practices are linked to increases in student 
achievement, they are difficult for teachers to develop and implement into their 
classrooms.    
Research has examined relationships between characteristics of PD and teachers’ 
instructional change. Findings indicate PD that is prolonged, collaborative with 
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colleagues, and focuses on core content in which teachers teach was related to changes in 
mathematics and science teachers’ instruction (Desimone, Porter, Garet, Yoon, & 
Birman, 2002; Opfer & Pedder, 2011; Penuel, Fishman, Yamaguchi, & Gallagher, 2007; 
Porter, Garet, Desimone, & Birman, 2003). One application of PD with these types of 
characteristics is community-based PD. There is evidence that teachers’ participation in 
such PD is linked with instructional change (Daly, 2010; Vescio, Ross, & Adams, 2008). 
Aspects of community involvement shown to lead to instructional change include 
teachers’ critical reflection upon and examination of their own and each other’s 
mathematical thinking and instructional practices (Borko, 2004; Little, 2012), collective 
analysis of student work (Kazemi & Franke, 2004), and the experiencing of research-
based instruction as a learner (Opfer & Pedder, 2011). It is in these ways in which 
community-based PD provides the conditions for teachers’ development of research-
based instructional practices. 
While research has documented the effectiveness of community-based PD, there 
are challenges associated with supporting community involvement in school settings. For 
example, the demands of teaching and the fact that a typical school day’s structure does 
not include time for teachers to collaborate makes involvement in community difficult for 
teachers to fit into their day (Nickerson & Moriarty, 2005). In addition, norms for 
instruction in teachers local schools and districts are often not aligned with what is called 
for by research and policy (Cobb, McClain, de Silva Lamberg, & Dean, 2003), therefore 
the local school district is often not a nurturing environment for the emergence of 
communities that engage generative and productive practices (Achinstein, 2002; Horn, 
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2005; Nickerson & Moriarty, 2005). This provides motivation to seek alternative contexts 
for teachers’ involvement in community-based PD. 
Using the Internet is one way to potentially address these challenges and support 
sustained collective participation in community-based PD. There is evidence that 
affordances of the Internet are beneficial in providing the conditions for the emergence of 
teacher communities (Barab, MaKinster, & Scheckler, 2003; Gray & Tatar, 2004; 
Scheckler & Barab, 2009; Schlager, Fusco, & Schank, 2002; Shumar, 2009). These 
affordances include ease of access to online spaces and asynchrony of interactions 
(Conrad, 2005; Schlager, Farooq, Fusco, Schank, & Dwyer, 2009; Shumar, 2009); the 
archival of communication and resources (Renninger & Shumar, 2002, 2004; Shumar, 
2009); and online spaces can be tailored to teachers’ preferences, allowing teachers to 
take ownership of the space and develop a sense of belonging (Gray & Tatar, 2004; 
Schlager & Fusco, 2003). In addition, online communities have been shown to support 
teachers’ development and implementation of productive practices, even if the 
instructional practices come in conflict with those that are accepted in teachers’ local 
institutions. Taken together, online spaces provide a place for teachers’ sustained 
collective participation in community-based PD, which increases the likelihood of their 
development and implementation of research-based instructional practices. Despite the 
potential of the Internet to address issues faced by school-based communities and support 
teachers engagement in generative and productive communities; there is a lack in 
understanding of how to support the emergence of communities of teachers that engage 
specific instructional practices as well as teachers’ enculturation into existing generative 
and productive online communities. 
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Study Design 
The purpose of this study was to better understand the process of teachers’ 
enculturation into an existing online community, with specific focus on the role of a 
technological tool in mediating this process. One way to better prepare newcomers to 
productively engage in the practices of a community is to provide the conditions for 
peripheral experiences. In examining peripheral experiences, Wenger (1998) states, “the 
idea is to offer them various forms of casual but legitimate access to a practice without 
subjecting them to the demands of full membership” (p. 117). Therefore, in this study 
“enculturation” will be conceived of as a process that includes preparing individuals, 
through their involvement in peripheral experiences, to be placed along a trajectory for 
increased participation in a community of practice. Thus, this study’s design intended to 
scaffold participants’ development of more sophisticated norms for mathematical activity 
and pedagogical practice that are aligned with the existing community’s practices as a 
means to position participants for more prolonged participation with the existing 
community of practice.  
For peripheral experiences to be productive newcomers must have legitimate 
access to the practices and artifacts that define the community (Lave & Wenger, 1991). 
The notion of a boundary object is useful to conceptualize how tools or artifacts can 
mediate collaborative work between groups with different practices (Star & Griesemer, 
1989). Boundary objects have legitimacy in multiple communities, interpretive 
flexibility, and mediate activity between groups with different practices (Star, 2010). 
However, the potential learning mechanisms of boundary objects are realized in their 
mediation of collaborative work at the boundary (Akkerman & Bakker, 2011). Thus, in 
designing peripheral experiences that do not include collaboration between two 
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communities, the notion of a boundary object is insufficient for conceptualizing the 
design of generative PD. This study built on this notion of boundary objects and 
boundary encounters and conceptualized the design of a virtual boundary encounter, 
which intends to facilitate collective activity mediated by technology that functions as 
boundary object but also scaffolds activities consistent with a community’s practices. 
Thus, the design of the PD intended to provide legitimate access to a community’s 
practices through activity in community-based PD mediated by a specifically designed 
software environment. 
This study was framed by sociocultural theories of learning to guide investigation 
of teachers’ collective activity in community-based PD. This study used mixed methods 
to examine (1) the extent to which participants’ community morphed into a highly 
connected community that engages more sophisticated norms for mathematical activity 
and pedagogical practice by (a) investigating the patterns of participants’ interactions, 
and (b) the content of participants’ interactions; (2) how the web-based tool functioned at 
the boundary between practicing teachers and an existing community of teacher 
educators; and (3) the extent to which participants’ norms and collective practices were 
consistent with an existing online community’s practices.  
The following research questions guided this study:  
1. To what extent does the participants’ online network resemble a community?  
a. What are the participants’ norms and collective practices? 
b. How do the structural characteristics and core/periphery structure of the 
participants’ social network evolve over the duration of the course? 
2. How does a web-based tool function at the boundary between two communities? 
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3. How can community-based PD support the process of teachers’ enculturation into an 
existing online community of practice? 
a. If a community is documented, to what extent do the community’s norms and 
collective practices align with the existing online community’s? 
Definitions 
Norms: In this study norms are taken as “regularities in communal or collective 
classroom activity and are considered to be jointly established” (Cobb & Yackel, 1996, p. 
178).  
Collective activity: A group of individuals participating together in a common social 
setting. This term is used purposefully to refer to instances where it is unclear as to 
whether the group’s participation is normative.    
Collective practice: Cobb et al., (2001) define mathematical practices as shared ways of 
reasoning or symbolizing that appear to be guiding a group’s participation in particular 
mathematical activity. Generalizing this notion, the term collective practice is used to 
conceptualize a broader notion that includes any type of content under negotiation, 
including pedagogy. 
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Chapter 2: Theoretical Framework 
 
 “the idea is to offer them various forms of casual but legitimate access to a practice 
without subjecting them to the demands of full membership” (Wenger, 1998, p. 117). 	
This chapter discusses a theoretically driven design conjecture for supporting 
teachers’ enculturation into a community of practice. At the core of this conjecture is the 
notion of a virtual boundary encounter. A virtual boundary encounter is a design for 
learning experiences that took seriously the notion introduced in the quote above by 
Wenger and operationalizes one way in which to scaffold legitimate access to a 
community’s practices that takes place outside the bounds of a community. In order to 
introduce the argument in this chapter, the following first discusses sociocultural theories 
of learning and specifically the conceptual framework of communities of practice. Then 
constructs such as boundary objects and boundary encounters are introduced. Finally, the 
argument is made that providing access to a community’s practices through participation 
with technology that functions as a boundary object but also scaffolds participation in 
activities consistent with a communities practices can support enculturation into a 
community of practice. 
Sociocultural theories of learning view knowing as integrally tied to participation 
in the social world and learning as a process of enculturation into a community of 
practice (Brown, Collins, & Duguid, 1989; Greeno, 2006; Lave, 1991). From this 
perspective knowing and learning are situated and highly connected to the context within 
which they occur. Moreover, sociocultural perspectives of learning view knowledge as 
existing in practice and embedded within interactions between people or between people 
and tools (John-Steiner & Mahn, 1996). Brown et al. (1989) note, “tools can only be fully 
understood through use, and using them entails both changing the user’s view of the 
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world and adopting the belief system of the culture in which they are used” (p. 33). In 
this way, learning is social and engaging with tools can be a way to access the knowledge 
of a social group.   
 The conceptual framework, communities of practice (Wenger, 1998) was adopted 
to frame this study’s design. Social life involves participation in multiple communities of 
practice (Wenger, 1998). For example, family life, a swim club, a graduate program, or a 
mathematics department in a local school is only a few contexts within which 
involvement in communities of practice is possible. Communities of practice emerge 
amongst groups of individuals with shared interests, a dedication to developing shared 
understandings, and engage in prolonged collaboration in the pursuit of common goals 
(Eckert, 2006). Wenger (1998) claims that, through a shared history of learning, 
particular characteristics develop that distinguish a community of practice from a group 
of individuals: 
• Mutual engagement: shared practices and norms of interactions within the group. 
The core of these practices includes collaboration and negotiation. 
• Joint enterprise: common goals and endeavors shared by the group, which are 
negotiated in practice. Shared goals are fluid and evolve in conjunction with the 
group’s growth. 
• Shared repertoire: a group’s shared set of tools and artifacts, which have common 
meanings negotiated in practice. The repertoire reflects shared history developed 
through sustained engagement.    
The specific forms of these characteristics are a product of shared histories of learning, 
which often result in discontinuities between the practices of “those who have been 
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participating and those who have not” (Wenger, 1998, p. 103). Therefore, the 
enculturation of a group of newcomers into a community includes supporting their 
engagement with novel practices. 
Discontinuities can result in the construction of artificial boundaries between 
communities. Boundaries separate individuals into different social groupings based on 
their practices, beliefs and use of tools (Lamont & Molnár, 2002). These boundaries can 
become visible through symbols, participation, and reification (Cohen, 1985; Wenger, 
1998). Sztajn, Wilson, Edgington, and Myers (2014) argue that boundaries exist between 
teachers and teacher educators’ practices because researchers have research-based 
knowledge about student mathematical thinking while teachers have contextualized 
understandings of student thinking about mathematics. Therefore, the problem of 
supporting enculturation of newcomers into a community of practice is a problem of 
crossing boundaries.  
To facilitate the crossing of boundaries and support learning through 
enculturation, it is essential to engender continuities between communities’ practices 
(Wenger, 1998). Peripheral experiences provides a means for conceptualizing the process 
as they “open up” the boundaries of a community by affording the potential for legitimate 
access to the community’s practices (Wenger, 1998). Criteria for legitimate access 
includes extended opportunities to engage with a community’s practices (Lave & 
Wenger, 1991). In this way, peripheral experiences are an approximation of practice, as it 
is likely that they do not include full participation in a community. 
Engagement in peripheral experiences is an opportunity to develop legitimacy 
amongst community members before being placed on a trajectory for full participation. 
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This initial stage of developing legitimacy is important because often times practices of a 
community are too complex, resulting in initial participation that is “likely to come short 
of what the community regards as competent engagement” (Wenger, p. 101). This can 
result in newcomers being cut off from the community, restricting their potential for 
increased participation. Moreover, Lave and Wenger (1991) note that experts are often 
“too distant, an object of too much respect, to engage with in awkward attempts at new 
activity” (p. 92). Thus, it is important to become at least familiar with the practices of a 
community before attempting a path for full engagement. To this end, peripheral 
experiences that take place outside the bounds of a community and provide legitimate 
access to the community’s practices can be an effective way to increase the likelihood of 
successfully supporting newcomers’ enculturation into a community of practice.  
 Recent research operationalizes the design of learning experiences that 
approximate the conceptualization just stated. Sztajn et al. (2014) argue for the design of 
mathematics teacher professional development as boundary encounters. A boundary 
encounter includes interactions between individuals from different communities, where 
these interactions afford mechanisms for learning as individuals are confronted with 
different forms of practice (Akkerman & Bakker, 2011). For example, Sztajn et al (2014) 
designed a boundary encounter where groups of teachers and teacher educators learned 
through negotiation about the ways in which each community worked with students’ 
mathematical understandings. Such interactions have implications for the evolution of 
practice and shifting of boundaries. 
 When engaging a boundary encounter, communities collaborate around ideas, 
tools or objects that having meaning to both groups (Wenger, 1998). These artifacts are 
	 		 12	
referred to as boundary objects. Specifically, Star and Griesmer (1989) define boundary 
objects as  
objects which are both plastic enough to adapt to local needs and constraints of 
the several parties employing them, yet robust enough to maintain a common 
identity across sites. They are weakly structured in common use, and become 
strongly structured in individual-site use. They may be abstract or concrete. They 
have different meanings in different social worlds but their structure is common 
enough to more than one world to make them recognizable, a means of translation 
(p. 393). 
The properties of boundary objects, specifically the interpretive flexibility, legitimacy 
amongst communities, and potential to mediate activity between communities make them 
particularly useful in regard to fostering generative work at the boundary. For instance, 
Sztajn et al. (2014) argued that learning trajectories functioned as boundary objects and 
mediated generative work between teachers and teacher educators. While learning 
trajectories have different meanings to teachers and teacher educators, when 
collaborating around these objects differences in perspectives surface, creating 
opportunities for the negotiation of meaning and shifting of practices (Akkerman & 
Bakker, 2011). 
 While the concepts of boundary encounters and boundary objects are useful for 
conceptualizing the design of learning experiences that include interactions between 
members of different communities, this study argued that experiences that take place 
outside the bounds of a community are useful for supporting individuals’ enculturation 
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into a community. Therefore, this study conceived of the design of experiences that do 
not include interaction between members of multiple communities. 
 Employing the construct of boundary objects to facilitate peripheral experiences 
proves insufficient when shifting perspective to the design of experiences that do not 
include interactions between members of two different communities. First, when 
considering individual site use of a boundary object, the particular artifact or environment 
is subject to the interpretive flexibility of boundary objects. Star and Griesemer (1989) 
noted that boundary objects are ill-structured in individual site use, which is interpreted 
as meaning that the particular artifact can be used in a way in which does not perturb a 
particular community’s perception of the object’s use. Similarly, Wenger (1998) notes 
that boundary objects are often reifications that connect “disjoint forms of participation,” 
however the connecting link is the way in which they standardize information. For 
example, in the classic ‘claims processing’ example, standardized forms function as 
boundary objects because they are a means of translating disjoint forms of participation 
into a form that is comprehensible across the boundary. In this way, when the form 
‘moves’ across the boundary the activity that went into filling out the form becomes 
obscured. Therefore, leveraging a boundary object to facilitate peripheral experiences is 
insufficient because it likely would not surface differences in perspectives such that it 
does when mediating live interactions between individuals from different communities.   
A Virtual Boundary Encounter 	
 Applying the potential of this conceptualization for designing learning 
experiences while accounting for the insufficiency of boundary objects to support 
learning in individual site use, this study proposed the construction of a virtual boundary 
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encounter. As noted above, a boundary encounter includes interactions between members 
of two different communities. A virtual boundary encounter reconceptualizes this design 
of learning experiences and removes one of the communities from the equation and 
replaces that community with a software environment that is designed to (1) function as a 
boundary object in order to bridge the communities through common practice, and (2) 
scaffolds activities that are consistent with a communities practices. In this sense, a 
virtual boundary encounter scaffolds learning experiences through facilitating collective 
activity in a way in which participants are interacting with one another as if they are 
members of another community. Engaging activity in similar ways in which members of 
another community engage activity creates an environment in which a community can 
begin to develop practices that are consistent with the practices of the community in 
which the software environment was designed to emulate.  
 Operationalizing a virtual boundary encounter includes designing a software 
environment that function as a boundary object but also scaffolds activities consistent 
with a community’s practices. Considering the bridging function of boundary objects is 
the first step in constructing a virtual boundary. As noted, boundary objects mediate 
activity and have interpretive flexibility amongst communities. In this sense, a 
specifically designed tool has the potential to open up the bounds of a community and 
establish a link between the communities’ practice. This link is essential because it 
engenders legitimate engagement with the community. However, this link alone is 
insufficient because it does not ensure confrontation with new forms of practice. 
Therefore, part of the design of a virtual boundary encounter includes distilling the 
practices of the community in which enculturation is intended. Once distilled, the design 
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includes developing conjectures about types of activities or experiences that can 
approximate participation in the community’s core practices and then crafting design 
features of a technological tool that are conjectured to scaffold participation in activities 
consistent with a community’s practice. This study implements this design for PD in the 
context of online community based PD course for practicing teachers. 
Conclusion 
 This section began with the question: how can one support enculturation of 
newcomers into an existing community of practice? In addressing this question, it was 
argued that enculturation is a process that includes crossing boundaries between 
communities. One way to cross boundaries is by developing continuities in communities’ 
practices (Wenger, 1998). To improve conditions for newcomers’ success in crossing 
boundaries, initial experiences should take place outside the bounds of the community. 
However, in such circumstances it is important to ensure newcomers have legitimate 
access to the community’s practices. It was argued that designing boundary encounters 
mediated by boundary objects is insufficient to conceptualize of this design because they 
are more productive when individuals from two communities are interacting. Therefore, 
this study proposed the construction of a virtual boundary encounter as a means to 
scaffold peripheral experiences in a community’s practices. Thus, this chapter argued that 
a virtual boundary encounter could provide the conditions for newcomers’ enculturation 
into an existing online community of practice. Against the backdrop of this framework 
was the design of PD experiences that can achieve the goals of this study.  
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Chapter 3: Literature Review 
Teacher PD figures prominently in facilitating instructional change. Research 
related teachers’ instructional change to participation in PD that is prolonged, 
collaborative with colleagues and focuses on core content (Desimone, Smith, & Phillips, 
2013; Penuel et al., 2007; Porter et al., 2003). One application of PD with these 
characteristics is community-based PD. Therefore, this review of literature explores 
community-based PD, particularly in school-based and online settings. There are 
limitations to school-based communities, therefore this study argues for the potential of 
online spaces for prolonged and collaborative PD. Nevertheless, there is a lack in 
research that documents ways in which to support the emergence of online communities 
as well as to support teachers’ enculturation into existing online communities. 
Theoretically, as argued in chapter two, one potential way to support a group of 
newcomers’ enculturation into a community is to mediate participation with a boundary 
object. Thus, this chapter concludes by providing empirical evidence that illustrates the 
potential of boundary objects to serve this purpose.   
Teacher Communities 
 Participation in community has benefits for teacher learning and instructional 
change (Bannister, 2015; Grossman, Wineburg, & Woolworth, 2001; Little, 2002, 2012; 
McLaughlin & Talbert, 2001; Newmann, King, & Youngs, 2000). These benefits include 
the support network that assists teachers in overcoming the challenges of changing their 
instruction (McLaughlin & Talbert, 2001); opportunities to leverage multiple 
perspectives within the group into new ways of thinking about teaching and learning 
(Bausmith & Barry, 2011); and a place for the emergence shared practices that are 
transferable into teachers’ instruction (Vescio et al., 2008). This last benefit, the 
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development of shared practices, is at the core of community and is the focus of this 
review of teachers’ participation in community. Thus, in the following, the notion of 
community is clarified and then literature is presented that shows how shared practices 
can have an impact on teachers’ instruction. 
 Communities have been conceptualized in the literature many ways (Levine, 
2010), therefore it is important to make clear what is meant by “community” in this 
paper. Although, the motivation for making this clarification is not so much as to merely 
call a group a community, but instead to make sense of the conditions for teachers’ 
prolonged collective participation in community that can lead to instructional change. As 
discussed in chapter two, Wenger (1998) suggests three criteria by which a group of 
individuals can be characterized as a community: Mutual engagement, joint enterprise 
and shared repertoire.  
 While shared repertoire and joint enterprise are important aspects of community, 
their emergence stems from mutual engagement (Wenger, 1998). In other words, the 
presence of community amongst a group is grounded in individuals engaged in practice. 
Therefore, characterizing particular shared practices is useful to make sense of the types 
of interactions that provide the conditions for community and instructional change. 
Analysis of teachers’ interactions suggests the following shared practices are critical: 
taking each other’s ideas seriously (e.g. critical analysis of contributions to group 
discussion); carefully listening and asking for clarification if one does not understand a 
contribution made to the conversation; the belief that shared thoughts will not be judged 
or ridiculed; and grounding work and discussions in teachers’ daily practices (Bannister, 
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2015; Grossman et al., 2001). In addition, Little (2003) notes productive engagement 
includes when: 
Teachers collectively question ineffective teaching routines, examine new 
conceptions of teaching and learning, find generative means to acknowledge and 
respond to difference and conflict, and engage actively in supporting one 
another’s professional growth (p. 913) 
These shared practices provide insight into attributes and norms of engagement that are 
particular to communities. However, in making a case for the potential of community for 
teacher learning and instructional change, particular ways in which shared practices lead 
to enhanced instruction are discussed.  
 Involvement in community and instructional change. The particular aspects of 
participation that distinguish a group from a community also provide the conditions for 
instructional change (Little, 2003). Little (2002) discusses one way in which shared 
practices amongst a group led to instructional change in the context of a community of 
English teachers. Little (2002) notes that as teachers negotiate a strategy to implement an 
initiative for increasing independent reading time into their classes, multiple teachers 
contributed to the decision making process. In doing so, a variety of levels of expertise 
and approaches to instruction were shared within the group. Different perspectives were 
taken seriously, critiqued and then integrated into a coherent strategy that teachers 
implemented into their instruction. In this way, an emergent practice amongst the group 
was integrated into teachers’ instruction. Following implementation in their classrooms, 
Little (2002) notes that teachers reconvened and reflected upon pros and cons that 
emerged in the application of this strategy in instruction. This shared practice leveraged 
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the collective’s knowledge in developing, implementing and analyzing instructional 
strategies. Providing teachers a means to analyze their practices, Little (2002) notes that 
this shared practice is effective for instructional improvement.  
 Another instance of shared practices that led to instructional change is discussed 
in the context of teachers’ engagement in practices similar to those of a book club 
(Grossman et al., 2001). Grossman et al. (2001) show that as the group read and 
discussed books, shared practices began to emerge, such as critiquing each other’s 
perspectives of the books. In doing so, the notion of critiquing the author’s perspective as 
not being the only way in which a particular story could be portrayed emerged and was 
reified by the phrase “critical reading.” Grossman et al., (2001) note that this instructional 
strategy became part of the group’s shared repertoire, as teachers reported anticipation of 
sharing this approach to reading with their students. Therefore, the group developed a 
level of trust that provided the conditions for productive criticism to become a group 
norm, which ultimately resulted in a shared practice that changed teachers’ instruction 
(Grossman et al., 2001). This example illustrates that the reification of shared practices 
can support teachers in changing their instruction.  
 Lastly, Kazemi and Franke (2004) discuss a PD opportunity where teachers 
collaborated around analyzing student work. As part of this shared practice, teachers were 
required to bring samples of their own students’ work to the group to discuss students’ 
solution strategies. Through engagement in this practice, Kazemi and Franke (2004) 
report that teachers began to use tasks that were more effective in eliciting student 
strategies in class so they could bring better samples of work to the group. In this way, 
shared practices led to instructional change by grounding the work of the group in 
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teachers’ practices. Moreover, analyzing student work is one way in which teachers can 
become familiar with typical student conceptions (Carpenter, Fennema, & Franke, 1996) 
as well as to provide the context to evaluate the generalizability and validity of student 
strategies⎯tasks that have potential for supporting instructional change.   
 These studies show how shared practices lead to instructional change.  Little 
(2002) illustrates the importance of taking the group’s ideas seriously in leveraging the 
power of the collective. Grossman et al. (2001) elucidated the importance of open 
critique amongst a collective and how this translates to teachers’ instruction. Kazemi and 
Franke (2004) show the significance of centering collaborative work on an aspect of 
teachers’ daily practices.  Thus, there is evidence that supporting teachers’ involvement 
in community can expand the scope of possibilities for teachers’ instructional change. 
 Given the potential of communities for supporting teachers’ instructional change, 
it is important to find ways to cultivate such communities and support teachers’ 
enculturation into these communities. While the research reviewed in this section focused 
on school-based communities, there are aspects of this context that make it less 
conducive to teachers’ prolonged involvement and instructional change. Issues with 
school-based contexts for community are discussed in the following and then it is argued 
that alternative contexts for teachers’ involvement in community, such as online spaces, 
can be a fruitful option that addresses many of the issues that arise in schools. 
An Alternative Context For Community  	
 There are shortcomings to participation in school-based communities. For 
example, the structure of a typical school day does not provide teachers common time to 
collaborate (Nickerson & Moriarty, 2005), making it difficult to fit involvement in 
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school-based community into their day. In addition, other responsibilities such as 
grading, faculty and department meetings, contacting parents, working with students after 
school as well as other extra curricular activities constrain the potential for participation 
in community. Moreover, given the delineation of grade level and subject specializations 
in US school systems, teachers’ social lives often become rather “cliquey” by grade level 
or department (Daly, 2010). This phenomenon reduces teachers’ access to expertise and 
material resources (Gamoran, Secada, & Marrett, 2000), which can restrict the formation 
of productive teacher communities. Thus, aspects of local schools and districts constrain 
opportunities for participation in generative and productive teacher communities.  
 Local schools make efforts to overcome some of these shortcomings and provide 
opportunities for teachers to fit community into their schedule. While such movements 
impact a subset of cases, local schools are often not nurturing environments for the 
development of communities with instructional practices aligned with those called for by 
the NCTM and Common Core. The practice of teaching is highly situated and related to 
the institutional context in which it takes place (Cobb, McClain, et al., 2003). 
Institutionally based perspectives on effective teaching often are not aligned with those 
called for by research and policy (i.e. the NCTM). In addition, existing normative 
practices within a group can become stable and highly resistant to change (Grossman et 
al., 2001; McLaughlin & Talbert, 2001), which constrains opportunities for new visions 
of teaching and learning to germinate and emerge as normative within a group. 
Therefore, while communities may emerge within the “brick and mortar” setting, they 
may not be supportive of high quality instructional practices that align with the vision of 
educational reform and policy.  
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 To this end, there are potential shortcomings of local institutional settings for 
fostering productive and prolonged collective participation in community. This motivates 
an effort to seek alternative contexts for teachers’ involvement in community. One such 
context, online spaces, is gaining attention in the literature and appears promising. In the 
following, two web-supported communities are introduced as an existence proof for 
potential of online communities and then it is argued that the affordances of the Internet 
can address the shortcomings associated with school-based communities.  
 The Internet. Research has sought to make sense of the ways in which the 
Internet can support formation of teacher communities. The inquiry learning forum (ILF) 
(Scheckler & Barab, 2009) and TappedIn (TI) (Schlager et al., 2002) are two contexts 
within which this research has been conducted. The ILF is a “web-supported” community 
of practice (Barab et al., 2003) that includes in/pre-service mathematics and science 
teachers. A guiding principle of the ILF is that teachers need opportunities to work 
together on issues of teaching and learning that are grounded in their practices (Barab et 
al., 2003). The ILF operationalizes this principle by providing teachers a variety of 
“spaces” (i.e. offices, lounges and a library) that afford different forms of collaboration. 
For example, lounges provide space for informal conversations about daily instructional 
issues while inquiry labs engage teachers in collective analysis of videotaped vignettes of 
teachers’ practices. These affordances and others have supported and sustained an online 
community that is productive in supporting teachers’ instructional change (Scheckler & 
Barab, 2009).    
 TI is a web-supported community of practice that has persisted for over at least a 
decade (Schlager & Fusco, 2003). The underlying belief of the TI design is that educators 
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need to engage in discussion with other educators around teaching and learning. Similar 
to the ILF, TI addresses this goal by providing multiple spaces to interact, including a 
web platform that supports organizationally or teacher led workshops, a help desk, 
private offices, and “After School Online” discussions (ASO). These spaces provide 
access to different educational organizations that afford opportunities for educators to 
increase their responsibility and role in the community. For example, new teachers to TI 
initially participate peripherally in ASO discussions⎯ongoing discussions about teaching 
and learning that occur in different forums categorized by topic⎯to gain perspective of 
what types of conversations occur in TI (Schlager et al., 2002). Research on TI 
participants has shown multiple cases where peripheral participants gradually become 
more central, evidenced by their facilitation of synchronous discussions that take place in 
teacher led workshops (Gray & Tatar, 2004). Taken together, TI and ILF illustrate the 
potential of the Internet in supporting key aspects of productive community-based PD. 
 Online communities also have potential to address some of the challenges that 
face school-based communities. For example, the convenience and ease of access to the 
Internet allows teachers to fit involvement into their busy day (Barab et al., 2003; 
Renninger & Shumar, 2004). There is evidence that norms that emerge in online 
communities are transferable into teachers’ instruction, even if they come in conflict with 
those accepted in the local school setting (Gresalfi & Cobb, 2011). Moreover, because the 
Internet delocalizes participation in community, online communities are not sensitive to 
high teacher turnover rates in the same ways as school-based communities (Ingersoll, 
2012). Given the diversity in forms of participation and resources, online communities 
also afford multiple entry points for participation (Renninger & Shumar, 2004). As such, 
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online communities and the Internet have affordances that can enhance the potential for 
teachers’ sustained engagement in collaborative forms of PD. 
 While affordances of the Internet enhance conditions for teachers’ involvement in 
community, they also have the potential for supporting newcomers’ enculturation into an 
existing community. One of the affordances of the Internet is the archival of 
communication. Research has shown that records of communication can mediate 
conversations between newcomers and experts of a community (Renninger & Shumar, 
2004), which is important to support newcomers in the process of becoming familiar with 
the skills and practices valued by a community. With records of communication archived 
online, newcomers can initially engage with beliefs and practices of a community in a 
safe place that is not laden with anxieties of initial engagement with a face-to-face 
community (Barab, Kling, & Gray, 2004). In addition, in the difficult process of changing 
instruction, participation in online communities provides newcomers with “anytime 
anywhere” support. Thus, the affordances of the Internet have the potential to address 
issues that arise with school-based communities as well as to enhance the potential for 
newcomer’s enculturation into these communities. 
 Taken together, online spaces provide a fruitful context for teachers’ engagement 
in community. However, it is unclear as to how to support teachers’ enculturation into 
online communities. Chapter two showed that facilitating enculturation is a problem of 
crossing boundaries by developing continuities in communities’ practices. It was argued 
that peripheral experiences with boundary objects could be an effective way to foster the 
development of these continuities and support enculturation. The following provides 
empirical evidence that activity mediated by boundary objects can facilitate learning, thus 
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having the potential to engender the development of continuities in practices and support 
enculturation.  
Boundary Objects 
 In their original conceptualization, Star and Griesemer (1989) conceived of 
boundary objects as a means for bridging the work of multiple groups by supporting 
collaboration in the absence of consensus. Chapter two introduced the properties of 
boundary objects, which include validity in multiple communities, interpretive flexibility 
and ability to mediate activity between groups with different practices (Star & Griesemer, 
1989). Studies have investigated the role of boundary objects in supporting collaboration 
in the absence of consensus, resulting in claims about how boundary objects can support 
learning. Akkerman and Bakker (2011) synthesized these studies and extrapolated four 
ways in which activity at the boundaries of communities have learning potential: 
identification, coordination, reflection and transformation.  
 Identification and reflection are similar mechanisms for learning where 
communities’ practices are defined or redefined in light of the “other’s” practices. In a 
recent study, Hobbs (2013) used the notion of identification as lens for better 
understanding how certain objects facilitate teachers’ transition from teaching subjects 
within their expertise to subjects outside their expertise. Hobbs (2013) highlights that, in 
one example, a teacher became aware of the different ways in which textbooks were used 
to teach Psychology and Mathematics ⎯ a resource to support instructional design versus 
a guide for practicing math problems. In this way, it was argued that textbooks functioned 
as boundary objects because they allowed teachers to identify the discontinuities between 
approaches for teaching their “in-field” versus “out-of-field” subject (Hobb, 2013). 
Learning, in this case was the realization that there are, in fact, different ways to use a 
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textbook for instruction. Thus, identification is a process that includes better defining 
one’s existing practices. Although, to develop new practices, a likely precondition is the 
awareness of what constitutes those practices. 
 Closely related to the process of identification, reflection is a learning mechanism 
that includes the construction and reconstruction of one’s practices. Discussed in chapter 
two, this process affords enhancing one’s awareness of their practice, while also 
facilitating engagement in the “other’s” practice. In a recent study, Polman and Hope 
(2014) investigated students conducting research in an informal science program that 
involved working with an outside editor to publish a “news story.” In collaborating 
around these news stories, it was shown that the stories functioned as boundary objects 
by introducing different practices into the lives of the students. In one case, the editor of a 
news story encouraged a student to include alternative ideas about medicine. Polman and 
Hope (2014) suggest that this promoted the student’s reflection on the differences 
between her conception of medicine and more “western” perspectives, which led to the 
student’s inclusion of a more western approach to medicine in the story. Thus, building 
on identification, reflection “results in an expanded set of perspectives…that informs 
future practice” (Akkerman & Bakker, 2011, p. 146).  
 While identification and reflection provide a means to define or redefine practice, 
coordination and transformation are processes of engaging in or creating new practices. 
Crossing boundaries through a process of coordination includes the translation of 
practices of a community into a form that is comprehensible to another (Akkerman & 
Bakker, 2011). Johnson, Severance, Leary, and Miller (2014) argued that mathematical 
tasks functioned as boundary objects in coordinating teachers’ and researchers’ joint 
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work of adapting an Algebra 1 curriculum to align with state standards. Johnson et al. 
(2014) noted that teachers thought about the role of the tasks in relationship to daily 
needs for their implementation (e.g. necessary materials or resources, pre-requisite 
understandings etc.), while researchers considered the quality of the tasks for supporting 
a particular learning trajectory. The mathematical tasks supported coordination of these 
perspectives, where teachers began organizing plans for implementation around units that 
focused on particular learning goals. Thus, teachers were still focusing on daily needs, 
but in a more longitudinal and relational way. In this way, the boundary object was a 
means by which the researchers’ perspectives were translated into terms comprehensible 
by teachers.   
 While coordination is a mechanism in which practices and perspectives are 
translated across boundaries, transformation is the construction of new “in-between” 
practices. Kynigos and Kalogeria (2012) showed how “scenarios” ⎯ activity plans for 
facilitating technologically mediated learning ⎯ functioned as a boundary object 
between teachers and teacher educators. In their collective development of these 
scenarios, teachers’ and teacher educators’ epistemologies and pedagogical orientations 
were exposed in explaining reasoning behind decisions for modifying the scenarios. This 
negotiation led to the co-construction of new forms of practice that were captured by the 
design of scenarios (Kynigos & Kalogeria, 2012). Thus, the scenarios provided a 
common ground for teachers and teacher educators to transform existing practices into 
something new.   
 Taken together, these studies show how boundary objects can support the 
different mechanisms of learning. Hobbs (2013) and Polman and Hope (2014) showed 
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how boundary objects could be a means of defining and redefining one’s practices. 
Identification, as shown in Hobbs (2013), occurred through the teacher’s realization that 
textbooks can be used differently for instruction in different subjects. Polman and Hope 
(2014) showed how news story supported work between students and editors, which led 
to a student’s reflection on and adoption of the editor’s perspective on medicine. In this 
way, reflection and identification can be a first step in beginning to develop continuities 
between communities’ practices. On the other hand, Johnson et al. (2014) and Kynigos 
and Kalogeria (2012) showed how boundary objects can be a means for engaging in new 
practices. Johnson et al. (2014) showed how mathematical tasks mediated teachers’ 
planning of instructional units that could support student learning along a particular 
trajectory. Kynigos and Kalogeria (2012) showed how the modifiability of scenarios 
afforded negotiation, and transformation of teachers’ and teacher professional 
developers’ practices into something new. Thus, the result of coordination and 
transformation could be a pathway that connects two communities. 
 This section presented empirical evidence that showed ways in which boundary 
objects can support learning. However, the studies presented above do not illustrate the 
ways in which boundary objects can support specific learning goals. In the context of 
online community-based PD, artifacts or environments that can support the emergence of 
particular practices has the potential to introduce a scalable design for effective teacher 
PD. Thus, this study built on the potential of boundary objects to support learning and 
designed a virtual boundary encounter that was intended to scaffold specific activities 
through mediating collective activity with a software environment designed to function as 
a boundary object.  
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Conclusion 
 Participation in community has implications for teachers’ instructional change. It 
was shown, however, that there are shortcomings in the potential of school-based 
communities to sustain community involvement and nurture the development of 
productive norms and instructional practices. Thus, online spaces were introduced as 
having the potential to address shortcomings of local institutions’ affordances for 
community. The final section of this review illustrated ways in which boundary objects 
can support learning; providing empirical evidence for the potential of a specifically 
designed technology that function as a boundary objects but also mediates particular 
activities can support teachers’ enculturation into an existing community of practice.  
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Chapter 4: Distilling the Math Forum’s Practices and Defining the Boundary 
The purpose of this study was to better understand the process of teachers’ 
enculturation into an existing online community of practice⎯the Math Forum. Thus, this 
study conceptualized the design of a virtual boundary encounter with the Math Forum. 
Over a decade’s worth of research documented the Math Forum as a community of 
practice that engages generative and productive norms for teaching and learning 
mathematics (Renninger & Shumar, 2002, 2004; Shumar, 2009; Shumar & Klein, 2016; 
Shumar & Sarmiento, 2008). Throughout its evolution and concurrently with the 
development of the National Council of Teachers of Mathematics Principles and 
Standards (NCTM, 2000), a core set of practices emerged at the Math Forum.  
This study designed a virtual boundary encounter with the Math Forum through 
the development of a software environment designed to function as a boundary object 
and create a link between study participants and the Math Forum’s practices but also 
scaffold activity consistent with the Math Forum’s practices. The first step of the design 
of the software environment was examining the Math Forum’s core practices. Therefore, 
the following presents the Math Forum’s practices with the purpose of: (1) distilling their 
practices as a means to develop conjectures regarding activities that are consistent with 
participation in these practices; (2); defining a boundary between participation with the 
Math Forum community of practice and participation that is not consistent with their 
practice and (3) providing justification for the importance of designing a study to support 
teachers’ enculturation into the Math Forum community of practice. 
While it is difficult to point to specific moments in time where the Math Forum’s 
practices emerged, reflecting on the Math Forum’s history provides insight into what they 
entail as well as their significance in sustaining a successful online community of 
	 		 31	
practice. The following discusses my account of the Math Forum’s history and practice, 
which synthesizes extant research on the Math Forum, extensive conversations with 
researchers who study the Math Forum, and nearly a decade of my personal experiences 
with the Math Forum and their practices. This account will begin with a discussion of the 
early activities of the Math Forum, followed by an introduction of the core services and 
resources that make up the website. Concluding the history section will be an illustration 
of the Math Forum’s work in teacher PD workshops and NSF funded projects. This will 
set the stage for the introduction of the Math Forum’s practices and a conclusion that 
argues for the significance of the Math Forum’s practices by relating them to what 
research and policy documents suggest constitutes effective mathematics instruction. 
History 
The early days. In the early days, the Math Forum was a group of mathematics 
teacher educators, working in a small liberal arts school, with the goal of contributing to 
mathematics education (Renninger & Shumar, 2004). This goal was grounded in the 
belief that typical schools neither engage students in deep mathematical thinking that 
emphasizes the process of doing mathematics (Shumar, 2009), nor do they provide 
opportunities for engaging rich mathematical discussions. These underlying beliefs of the 
early mathematics teacher educators of the Math Forum motivated and shaped much of 
their work. 
One of the early endeavors of the Math Forum was the development of what is 
now known as The Geometer’s Sketchpad, a software application that allows anyone who 
uses the application to visualize and interact with geometric figures and relationships. As 
the use of this tool gained popularity, users wanted to be able to share and discuss their 
explorations in geometry. In response to these needs, the Geometry Forum emerged ⎯ a 
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USENET discussion group that provided opportunities for discussions around teaching, 
learning and doing geometry. After being in existence for close to four years, the 
Geometry Forum expanded its scope to include other mathematics topics and ultimately 
became known as the Math Forum (Renninger & Shumar, 2002).       
In the development of the Math Forum website, staff began offering challenging, 
non-routine problems that promoted mathematical thinking and discussions ⎯ known as 
the problems of the week (PoWs). Ideas for these problems come from staff’s everyday 
experiences. Shumar (in progress) notes that Math Forum staff sees mathematics in 
everything they do (i.e. riding a bike to work, baking, etc.) and ideas for problems can 
even emerge during “joking around sessions.” Before posting these problems to their site, 
staff collectively vet and refine the problem during a weekly meeting they refer to as 
Math Monday (Shumar & Sarmiento, 2008). This meeting includes working on problems 
together, sharing multiple solution strategies, and anticipating ways that others might 
solve the problem. The Math Forum staff’s participation in this meeting reflects their 
belief that collectively doing and talking about mathematics can have significant results 
for the development of mathematical thinking and reasoning (Shumar, in progress). Math 
Forum strives to provide participants of their site access to this process oriented method 
of doing mathematics by designing problems that are approachable by anyone, grounded 
in everyday experiences, and promote rich mathematical discussions.  
In the early days, these problems were important in building a core group of 
participants who regularly engaged with the Math Forum website (Shumar, 2009). The 
problems appealed to a range of interests and skill levels in mathematics, which was 
important for cultivating diversity in the population involved with the Math Forum. Over 
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the years, this heterogeneity in the population was important for sustaining participation 
at the Math Forum because it led to the development of a set of services and resources 
that appealed to different interests and needs (Renninger & Shumar, 2004).  
Interactive services and digital libraries. In the evolution of the Math Forum, 
the website progressed from a USENET discussion group to a collection of interactive 
services and digital libraries. The interactive services support asynchronous collaboration 
and include Math Tools, Teacher 2 Teacher, Ask Dr. Math and the PoWs. The digital 
libraries, on the other hand, are searchable archives of interactions that took place within 
these services. The services and libraries evolved as staff continued to develop new 
opportunities for participation and learning at the site. The collection of services and 
libraries are largely the same in their design and functionality; distinctions lie in the topic, 
content and specialty. To illustrate the nature of these services as well as the relationship 
between services and digital libraries the two core services of the Math Forum are 
introduced, namely the PoWs and Ask Dr. Math. In addition, the importance of these 
services for the Math Forum community of practice is highlighted.  
The PoWs is built around the non-routine challenge problems designed by staff. 
This service posts one of these problems to the site each week. The problems meet a 
range of audiences’ interests as they are tailored to different grade levels and 
mathematical topics. Anyone who was interested could submit a solution to the PoWs 
and would receive a mentored response from a Math Forum staff member. Regardless of 
the correctness or quality of the submission, the mentor would take students’ ideas 
seriously, create conditions for them to expand their understandings, and encourage them 
to revise the original solution in order to keep the conversation going (Renninger & 
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Shumar, 2004; Shumar & Sarmiento, 2008). This creates a learning environment that 
begins with what participants know and aims to engage them in activity that can expand 
their understandings (Renninger, Farra, & Fledman-Riordan, 2000; Renninger & Shumar, 
2004). This service promotes engaging rich mathematical discussions, provides access to 
participants’ mathematical thinking through these discussions, and facilitates prolonged 
interaction with the site through cycles of discussion, feedback and revision.  
As part of the PoW service, staff began receiving specific questions from students 
and teachers that were working with the problems. Instead of responding by saying that 
the PoW is not a question and answer service, Math Forum staff valued participants’ 
needs and answered their questions (Renninger and Shumar, 2004). The Math Forum 
eventually built out this question answer activity into its own service, Ask Dr. Math. This 
activity of building out services based on activity in existing services is a common 
activity at the Math Forum and contributed to the site’s success as it kept the Math Forum 
in constant flux, maintaining its appeal to a variety of interests and needs (Renninger & 
Shumar, 2004).  
Ask Dr. Math is a service with live “math doctors” that answer questions 
submitted to the site. Similar to the PoWs, math doctors support participants in using 
their own resources to better understand and solve their own problems (Renninger & 
Shumar, 2004). As the Math Forum gained popularity, there was increased activity with 
Ask Dr. Math, which led to this service being overwhelmed by questions. In order to 
address this issue, staff developed a tenuring process for the enculturation of volunteers 
into the role of math doctors. This process followed an apprenticeship model of learning, 
where volunteers’ responses to questions would be reviewed by a math doctor and then 
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returned to the volunteer for revision before being submitted as a reply (Shumar, 2009). 
Once the volunteer crafted several effective responses they were granted math doctor 
status and could also mentor new volunteers (Shumar, in progress). The Math Forum’s 
ability to apprentice math doctors allowed them to continue to address the increased 
activity at the site while maintaining their focus on supporting individuals based on their 
needs and interests.  
Common to both the PoWs and Ask Dr. Math (as well as other Math Forum 
services) is the way in which staff archive interactions from their services and organize 
them into digital libraries. As part of the archiving process, minimal changes are made to 
the interactions before they are collected and organized, so they have the look and feel of 
real conversations instead of a list of facts and equations (Shumar, 2009). In this way, 
participants’ contributions to the site are perceived as resources that could be reintegrated 
into future conversations to improve conditions for learning mathematics (Shumar, in 
progress). In addition, the Ask Dr. Math service encourages participants to search 
archives prior to submitting a question. This process filters participants’ questions so 
math doctors are available to work with interesting and unique contributions to the site 
(Shumar, 2009). Along with the apprenticeship model of supporting learning and 
increased engagement with the site, this approach to archiving participants’ contributions 
for future use creates a participant-centered environment at the Math Forum.  
The participant-centered environment fostered at the Math Forum supports 
participants in developing a sense of belonging to the site and is important for their 
success as an online community (Shumar, 2009, in progress). Renninger and Shumar 
(2004) note that participants’ “sense of belonging…is facilitated by interactive services 
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that scaffold participants to feel welcome, heard, and taken seriously as learners” (p. 
201). The initial connection made with the site is then nurtured by the Math Forum’s 
apprenticeship model for supporting learning. In this way, the Math Forum provides an 
environment that welcomes all contributions and then supports participants to build on 
their strengths to expand their mathematical thinking. This approach has been successful 
in fostering a community-oriented environment. 
 Projects and teacher PD workshops. Beginning in the early days, The Math 
Forum also participated frequently in teacher PD workshops and NSF funded projects. 
Staff traveled across the nation to facilitate workshops with teachers as well as students 
and engaged in a variety of NSF funded grants including Bridging Research and Practice 
(BRAP), Educational Software Components of Tomorrow (ESCOT), Math Tools, and 
Virtual Math Teams (VMT). These areas of the Math Forum’s work both seeded their 
ways of doing and thinking about mathematics into local settings and explored new ways 
to improve access to mathematics with technology and the Internet (Shumar, 2009). 
Many of the Math Forum website’s resources were a result of this work as well as 
increases in participant’s participation with the website (Shumar, in progress). Following 
a similar model to their work with students and volunteers of their services, Math Forum 
engaged in workshops and projects by sharing a few ideas, figuring out participants’ 
interests, and then accommodating them by creating conditions to explore these interests 
(Shumar, 2009). As such, the participant-centered approach was maintained in the Math 
Forum’s work in projects and PD workshops. 
 The Math Forum’s way of facilitating workshops and projects often led to the 
development of close relationships with participants (Shumar, 2009). For example, in one 
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of the early summer workshops, the Math Forum began with the idea to create rich lesson 
plans that could be archived on their site and participants could use in their own 
classrooms. Teachers took up the idea and staff adjusted their workshop agenda to meet 
teachers’ needs and interests. One participant in particular began working closely with 
the Math Forum during this workshop and then continued this work over the Internet1 
(Shumar, 2009). Staff continuously accommodated this participant’s needs so she could 
continue to explore the development of her lessons in new ways and, as her involvement 
with the Math Forum increased, she was eventually invited to become a staff member. 
While moving along a trajectory from participant to staff member is not a common 
occurrence, workshops were important for gaining and supporting increased participation 
with the site (Shumar, in progress).   
While workshops were important for the Math Forum’s success as a community 
in the ways they seeded and enhanced involvement with the site (Shumar, 2009), projects 
were important in the development of new services and digital libraries at the website. In 
ESCOT, for example, staff worked with software developers, teachers and educational 
technologists to design web-based tools that could be used to support students’ 
engagement with mathematics (Shumar, 2009). One such virtual tool, for instance, helped 
participants think about volume and how different sized buckets can be used to transfer 
specific quantities of water into a large tub (Shumar, in progress). This tool provided 
opportunities to explore relationships and patterns inherent to the scenario in order to 
think about how specific combinations of “moves” result in different quantities of water. 
In this way, ESCOT was successful in developing a library of virtual tools and visual 																																																								1	This was a common occurrence where work would begin in a face-to-face setting and then evolve into a 
hybrid activity. 	
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representations of mathematics that enhanced students’ access to mathematical thinking 
(Shumar, in progress). This and other projects contributed to the Math Forum’s rich set of 
online resources and provided different entry points into the community.  
The Math Forum’s engagement in workshops and projects is also an important 
aspect of their success as an online community. Workshops welcome participants of all 
types, support their involvement in different activities, and empower them to take control 
of their own learning (Shumar, 2009; Shumar & Sarmiento, 2008). Projects were 
successful in further developing a diverse collection of services and resources that 
enhanced opportunities for participation and engagement in mathematics. Thus, the 
participant-centered environment was maintained in the ways in which staff nurtured 
involvement with the site as well as in the ways they leveraged technology and other 
resources to make mathematical thinking more accessible. Taken together, the Math 
Forum’s approach to building out services in response to participation at the site, 
developing digital libraries and working in projects/workshops supports a participant-
centered environment that promotes a diverse populations’ involvement with their 
website, which is an important aspect of the Math Forum’s success as an online 
community of practice (Shumar, 2009; Renninger & Shumar, 2004). 
Practice 
Underlying the Math Forum’s activities and services are a set of core practices 
that emerged over 2+ decades of work. Participation in these practices is what defines 
membership in the Math Forum community of practice. Renninger, Shumar and others 
have uncovered these core practices, which include egalitarianism, valuing, and 
providing evidence-based feedback. In the following these practices are introduced and 
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then their significance is discussed in relationship to the broader field of mathematics 
education and the Math Forum’s success as a community of practice. 
The Math Forum is egalitarian. Staff is committed to democratizing mathematics 
by making rigorous mathematical activity accessible to all learners. This egalitarianism 
runs counter to typical perspectives in today’s school and promotes learning for anyone 
who participates with the site (Renninger & Shumar, 2004). At The Math Forum, 
mathematics is not perceived as an elitist practice reserved for individuals that want to be 
mathematicians or scientists, but instead a part of everyday experiences that should be 
explored by anyone and everyone (e.g. see Kaput and Roschelle (2013)). This practice 
can be observed in the ways staff provides multiple opportunities for participants to 
engage with mathematics and their site as well as in the ways that they welcome 
contributions from all participants.  
The Math Forum is committed to constantly finding new ways for participants to 
engage mathematics regardless of their skill level or expertise by leveraging affordances 
of technology and the Internet. For example, during the ESCOT project, staff 
collaborated with a diverse group of professionals and developed digital manipulables 
that support ways of mathematical reasoning that are inaccessible without these virtual 
tools. In addition, the PoW scenarios illustrate that mathematics is part of everyday life 
and is about thinking and reasoning. In this way, the Math Forum strives to democratize 
mathematics by providing a variety of entry points into different problem solving 
strategies and ways of thinking mathematically. 
Not only does the Math Forum create environments that foster all learners’ 
engagement with rigorous mathematics, they welcome any and all of individuals’ 
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contributions (Renninger & Shumar, 2004). Typically without much vetting (i.e. making 
loose interpretations of mathematics concepts more accurate), The Math Forum organizes 
all participants’ questions, solutions or mathematical ideas posted to the site into 
searchable archives that are then accessible to anyone who participates at the site. These 
archives illustrate the processual nature of learning mathematics and provide access for 
all individuals, even those who are not necessarily strong in mathematics. Thus, The 
Math Forum “encourages everyone to see themselves as people who can do math, and it 
emphasizes that any question or approach has validity” (Shumar, 2009, pg. 88). This 
practice is at the foundation of the Math Forum’s success in creating a participant-
centered environment.   
 The second practice that defines The Math Forum is the practice of valuing. This 
practice is grounded in the belief that “individuals have great things to contribute” 
(Renninger & Shumar, 2004, p. 197) both mathematically and otherwise. The Math 
Forum values individuals in the ways in which they support an apprenticeship model of 
learning to create environments for peripheral participants to become more central 
members of the community. Shumar (2009) argued, “The Math Forum, through its online 
interactions and workshops, enabled participants to begin as apprentices and then move 
on to become experts and leaders in the community” (p. 73). As part of their interactive 
services, for example, the Math Forum supported volunteers in becoming mentors and 
taking on similar roles as staff in facilitating learning at the site (e.g. the “tenuring” 
process of Ask Dr. Math). On the other hand, the Math Forum’s workshops supported 
teachers’ development by adjusting activities with respect to participants’ interests 
(Shumar, 2009) (e.g. the case of the participant from the summer workshop who 
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continued her work with the Math Forum and eventually became part of the staff). This 
practice is a process of making sense of individuals’ current positions (in terms of their 
understandings and interests) and seeking to create an environment where they can 
continue to explore their interests and, subsequently, increase their level of participation 
with the site.      
In addition to being a practice that takes seriously all individuals’ contributions, 
valuing is operationalized in The Math Forum’s activity of noticing and wondering. 
Noticing and wondering at the Math Forum originated in staff’s PD work with teachers as 
a way to frame the ways in which they looked at student work (Shumar & Klein, 2016). 
Noticing frames interrogation of students’ ideas as a way to attend to the mathematical 
details of students’ thinking and then wondering is a process of grounding analysis of 
students’ thinking by asking specific questions. As a result of this process, Math Forum 
identify students along a trajectory for developing more sophisticated mathematical 
understandings. This activity is at the core of figuring out where participants with the site 
currently stand and creating an environment that nurtures their growth as mathematical 
thinkers.  
Building on the practice of valuing, another defining practice of The Math Forum 
is providing evidence-based feedback. This practice of the Math Forum can be likened to 
a “research lens,” or a cyclical process of developing and testing conjectures to better 
improve conditions for learning. Math Forum members gather evidence of student 
thinking, archives from their site, or feedback from workshops to reflect upon and 
develop to make specific adjustments to enhance opportunities for access, 
communication and learning. Once these adjustments are made, staff collects additional 
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data and the process continues. For example, in developing Ask Dr. Math in response to 
participation with the PoWs, staff began receiving specific questions about mathematics 
as opposed to fully composed solutions to the PoW and saw this as an opportunity for 
expanding their site. Math Forum staff worked with participants to better understand how 
to leverage this data for site improvement and then redesigned an old question-answer 
service to meet participants’ needs (Renninger & Shumar, 2004).   
Another realization of this practice is in the Math Forum’s approach to developing 
feedback to support learning. The approach for feedback includes two activities: (1) Math 
Forum collect evidence of student thinking through process of noticing and wondering 
about this thinking, and then (2) reflect upon this initial layer of analysis to develop 
conjectures about student understandings as they design focused feedback. The final 
feedback note is designed to create an environment for students to expand their 
mathematical understandings. Moreover, the Math Forum “facilitate forms of interaction 
where participants can work from the position of their own strengths and move on to 
different challenges and/or types of questions about mathematics as they are ready to do 
so” (Renninger & Shumar, p. 195). This process of developing and testing conjectures to 
support learning as ongoing, with the goal of continuously engaging learners in more 
sophisticated mathematics (W. Shumar, personal communication, January 20, 2016).  
In relationship to the Math Forum’s history, these practices were significant in 
their success as a community of practice. The Math Forum staff’s engagement in these 
practices creates an environment that fosters the underlying characteristics of a 
community (i.e. mutual engagement, joint enterprise, shared repertoire). For example, the 
Math Forum’s egalitarian practice welcomes all contributions and creates a participant-
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centered environment that fosters mutual engagement between all participants (including 
staff), regardless of mathematical expertise or experience using the site. Valuing 
engenders an apprenticeship approach to supporting learning that promotes continued 
engagement with the site and the development of a shared repertoire (i.e. archived 
interactions that make up the digital libraries). In providing evidence-based feedback staff 
build on participants’ participation at the site to meet their needs. In doing so, Math 
Forum staff leverages participants’ contributions to the site in the development of new 
resources and services that are designed to foster the common goal of learning. Taken 
together, the Math Forum’s practices promote participation in a community-oriented 
learning environment. While the Math Forum’s practices have contributed to their 
persistence and success as a community of practice, they can also be related to the 
broader field of mathematics education.  
Math Forum’s Practices And Research-Based Instructional Practice 
 Two claims are made in this section: the Math Forum’s practices are aligned with 
the National Council of Teachers of Mathematics (NCTM) principles and standards for 
school mathematics (National Council of Teachers of Mathematics, 2000) as well as in 
alignment with research-based instructional practices. Making these connections across 
the Math Forum’s practices and mathematics education research and policy illustrates the 
importance of designing a study that aims to support teachers’ enculturation into the 
Math Forum. 
The evolution of the Math Forum’s practices occurred concurrently with the 
emergence of the NCTM’s principles and standards for school mathematics. The 
NCTM’s principles were developed under a philosophy that “challenges the notion that 
mathematics is for only the select few” and adheres to the belief that “all students should 
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have the opportunity and the support necessary to learn significant mathematics” 
(NCTM, 2000, p. 1). As part of this endeavor, the NTCM outlined six areas of import for 
mathematics education, which include equity, learning, curriculum, teaching, assessment 
and technology.  
To explicitly connect the NCTM principles of school mathematics to the Math 
Forum’s practices, two of these areas are highlighted. First, the NCTM principles and 
standards highlight that all students can learn mathematics and “demands that reasonable 
and appropriate accommodations be made…to promote access and attainment for all 
students” (NCTM, 2000, p. 2). This principle is in alignment with the Math Forum’s 
egalitarian practice. This Math Forum practice operationalizes equity in the ways that 
they welcome contributions from all participants, develop resources and services that 
appeal to a diverse range of interests and needs, and explore different technologies and 
resources that improve access to mathematical reasoning. Second, the NCTM principles 
suggest, “effective mathematics teaching requires understanding what students know and 
need to learn and then challenging and supporting them to learn it well” (NCTM, 2000, p. 
2). The Math Forum’s practice of valuing and providing evidence-based feedback are in 
alignment with this principle. Valuing takes seriously the notion that everyone has 
something to contribute, and includes a framework for focusing on the details of students’ 
thinking to understand what they know. Providing evidence-based feedback, on the other 
hand, is an ongoing process that continuously gathers evidence of student understandings 
to inform the design of conditions to address identified learning goals. This brief 
discussion illustrates the alignment between the Math Forum’s practices and the NCTM 
principles. 
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On the other hand, emerging concurrently with the NCTM principles were a set 
research-based instructional practices that are aligned with the Math Forum’s practices. 
These practices include task analysis (Stein et al., 1996), orchestrating productive 
mathematical discussions (Stein et al., 2008), and formative assessment (Black & 
Wiliam, 1998; Heritage et al., 2009).  
Determining rich tasks for instruction is important for the design of an effective 
mathematics lesson. Choosing a task includes examining problems for opportunities to 
support multiple solutions paths, communication, and mathematical reasoning. The level 
at which students engage in these aspects of a problem determines the cognitive demand 
of a task. Stein et al. (1996), however, showed there is often disconnect between the 
cognitive demands present in the design of a task and its implementation. In order to 
conserve the cognitive demand during implementation, Stein et al. (1996) showed that it 
was important to maintain the level of appropriateness of the task for students’ 
mathematical abilities. Conserving appropriateness includes maintaining the challenging 
aspects of a task by providing enough time for students to think deeply about the 
mathematics, introducing additional resources that supports students’ thinking about the 
problem, and pressing students to explain their mathematical thinking (Henningsen & 
Stein, 1997). This practice is egalitarian in that it involves creating conditions that 
provide all students’ access to the mathematics. It involves introducing additional 
supports for reasoning about the task (i.e. such as technology) and it welcomes any and 
all contributions in order to understand whether, in fact, the task is appropriate for the 
group of students. It is in this way that the Math Forum’s egalitarian practice is related to 
implementing cognitively demanding tasks. One result of making mathematics accessible 
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to all is that it fosters an environment where everyone can participate, which can enhance 
the potential for rich mathematical discussions in the classroom.     
Given the heterogeneous mixing of ability levels often present in a mathematics 
classroom, maintaining cognitive demand likely includes implementing the task at 
different levels. As such, a variety of different solutions and mathematical ideas would 
likely emerge at the task’s completion. It is the teacher’s responsibility to leverage these 
differences to support the classroom community’s engagement in rich mathematical 
discussions. Stein et al. (2008) suggests practices that can support this goal. At its core, 
these practices include selecting and sequencing student solutions along a trajectory to be 
shared in class as well as supporting students in making connections between these 
solutions while they are being discussed. Implementing the core practices includes 
examining the mathematical thinking being shared in the class and thinking about ways 
to organize this thinking so it can be shared in productive and meaningful ways (Stein, et 
al., 2008). Organized from least to most sophisticated, in orchestrating discussions it is 
the teacher’s job to support students in moving along this trajectory of sophistication. 
This practice of orchestrating mathematical discussions values students’ ideas by placing 
these ideas at the center of instructional decision making. Effectively orchestrating 
mathematical discussions in this way also encourages an apprenticeship model of 
learning, where students are strategically exposed to different levels of mathematical 
sophistication. Thus, valuing and the practices for orchestrating mathematical discussions 
are similar in nature. 
 In completing task implementation and discussion, the teacher is presented with 
an opportunity for formative assessment. Formative assessment includes eliciting student 
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thinking, making sense of what that thinking reveals about students’ mathematics, and 
then using this understanding to inform instruction (Heritage et al., 2009). In classroom 
instruction, task implementation and orchestrating mathematical discussions generates 
rich data for beginning to understand students’ mathematical thinking. In completing a 
lesson, teachers can use this data to further refine conjectures about students’ 
understandings and then design subsequent lessons that support students’ mathematical 
growth. This approach to using data to inform instructional tasks is consistent with the 
Math Forum’s practice of providing evidence-based feedback. Moreover, such an 
instructional practice further emphasizes the apprenticeship model of learning, where 
knowledge of students’ thinking is leveraged to support them on a trajectory to enhancing 
the sophistication of their mathematical thinking. 
While orchestrating instruction in ways that were depicted in the previous section 
is truly an art, developing practices that are aligned with the Math Forum’s practices can 
create conditions that are more conducive to developing and effectively engaging in 
instructional activity that aligns with these research-based instructional practices. 
Moreover, given the importance of the Math Forum’s practices in their success as a 
community of practice, implementing these practices in a classroom setting has the 
potential to foster a community oriented learning environment. As such, with the 
significance of the Math Forum’s practices, supporting teachers’ engagement with these 
practices and enculturation into the Math Forum community of practice has the potential 
to support teachers’ development of instructional practices that are aligned with ones that 
are grounded in research. 
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Conclusion 
This chapter delineated the practices of the Math Forum community of practice, 
which (1) distilled the Math Forum’s practices as a means to develop conjectures 
regarding activities consistent with their practices ⎯ the first step of the design of a 
virtual boundary encounter, (2) defined the boundary between participation with the Math 
Forum and participation that is not consistent with their practice, and (3) provided 
justification for the importance of a designing a study that intends to support teachers’ 
enculturation into the Math Forum community of practice.  
Bridging Boundary  
 The Emerging Communities for Mathematical Practices and Assessment 
(EnCoMPASS) project is one example of the work being done at the Math Forum. 
EnCoMPASS is similar to projects like ESCOT in that one of the broad goals is to 
cultivate online communities of mathematics teachers. However, EnCoMPASS is 
different in that the initial work between the Math Forum and practicing teachers 
included refining the design of a software environment that can facilitate a virtual 
boundary encounter. The initial phase of the project included the development of core 
features that would scaffold activities consistent with the Math Forum’s practices (e.g. 
egalitarian, valuing, evidence-based feedback). In addition, this initial phase of the 
project included facilitating face-to-face collaboration between the Math Forum and a 
community of teachers as a means to test and refine the design of the web-based tool so it 
had features that appealed to both groups. One consequence of collaboratively refining 
the design of, what we refer to as the EnCoMPASS Environment (EE) is that it appeared 
to have the properties of boundary objects but also specifically designed features that can 
scaffold activity consistent with the Math Forum’s practices.  
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 In this section I will introduce the landscape of the EE and then discuss how the 
EE is designed to facilitate a virtual boundary encounter with the Math Forum. In 
particular, this will include documenting the way in which the EE is designed to function 
as a boundary object and create a link between practicing teachers’ practice and the Math 
Forum’s practice but also designed to scaffold activities consistent with the Math 
Forum’s practices.   
The Landscape And Design Features Of The EE 	
 The design features of the EE are intended to enhance the process of looking at 
student work and developing feedback. Figure 1 provides an illustration of the primary 
workspace in the environment. This space is separated into three panels. Student work is 
populated into the middle panel while the left and right panels scaffold the analysis of 
students’ work. The features that support this analysis include a selection tool, a text field 
for noticing and wondering, a categorization system, and a system that aggregates 
analysis of student work in preparation for designing feedback.  
  
 
Figure 1: Primary workspace in the EE  
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 The selection tool is designed to highlight aspects of students’ work. Selections 
are collected at the bottom of the screen below the student’s work. In the right hand 
panel, there is a text field that provides space for teachers to record their thinking. These 
comments are in the form of “I notice…” and “I wonder…” and are directly linked to 
selected aspects of the student’s work. Below the text field is a list of the noticings and 
wonderings, which are available for reuse. In the left hand panel, there is a categorization 
system or folders, which facilitate organization of selections and comments. This feature 
allows teachers to develop a set of folders and sort selections based on different 
characteristics (i.e. strategy used to solve the problem, completeness, correctness, etc.). 
Lastly, the tool has an aggregation system that collects teachers’ selections, noticings and 
wonderings for a specific students’ work and organizes them into a new screen (shown in 
Figure 2). In the design of feedback, this feature of the tool allows teachers to edit their 
noticings and wonderings to develop a note that is sent to a student. These descriptions 
illustrate the specific functionality of the design features. The following discusses how 
the tool is designed to function as a boundary object. 
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Figure 2: The environment for designing feedback 		
The Characteristics Of Boundary Objects  	
 The reader will recall the properties of boundary objects: (1) legitimacy amongst 
multiple communities, (2) interpretive flexibility, and (3) mediate activity between 
multiple communities (Akkerman & Bakker, 2011; Star & Griesemer, 1989). The 
following introduces preliminary analyses that indicate the EE has properties of boundary 
objects (e.g. in the case of legitimacy) as well as the intention of the design of the EE to 
have such properties (e.g. in the case of the interpretive flexibility and mediator of 
activity). 
 Legitimacy. Preliminary analyses as part of our ongoing work indicate the EE has 
legitimacy in multiple communities. In our current work, colleagues and myself studied a 
test session to understand teachers’ perceptions of the tool and how they thought it would 
benefit their own practice. One of the conclusions of this study was that teachers 
conceived of the tool as useful because it would enhance the efficiency of looking at 
student work. Teachers noted that the reuse of comments and ease in which one could 
scan a set of student work were particularly useful features. On the other hand, Math 
Forum staff also considers the tool useful for their current work. As part of their work 
with the PoW service, Math Forum staff creates a “teacher packet” that accompanies each 
problem. This packet includes commentary and examples of the ways in which students 
typically solve the problem. In order to create this commentary, Math Forum staff report 
that they use the EE, in particular the folder feature, to categorize student work based on 
the students’ choice of strategy. Thus, preliminary analyses show that the collaborative 
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design process of the EE has resulted in a tool that has validity in multiple communities.  
 Interpretive flexibility. The EE is designed to have interpretive flexibility. Star 
and Griesemer (1989) suggest that to have interpretive flexibility, boundary objects are 
“weakly structured in common use, and become strongly structured in individual-site 
use” (pg. 393). In individual-site use by the Math Forum, the selection tool could be 
interpreted as a way to isolate instances of student thinking that are interesting, unique or 
questionable. This interpretation would be consistent with the Math Forum’s practice of 
valuing, in that it provides a way to focus on the details of student thinking to better 
understand what mathematics the student knows. On the other hand, the selection tool 
could replace a teacher’s “red pen,” and be a way to mark aspects of students’ work that 
are incorrect. Therefore, in individual-site use, the tool can be interpreted as useful for 
different activities, namely identifying mistakes and valuing student thinking. However, 
in common use, the tool is weakly structured in that the activity mediated by the selection 
tool is the same (examining mathematics work) but the underlying purpose for the 
activity is different. Thus, the tool is designed to have interpretive flexibility, contributing 
to its potential to function as a boundary object.  
 Mediator of activity. The EE is designed to mediate a common activity to both 
the Math Forum and practicing teachers. In particular, the EE mediates the process of 
examining student work and developing feedback. Practicing teachers and Math Forum 
staff engage this activity on a regular basis, therefore the tool’s design meets this criterion 
for the characteristics of boundary objects. Thus, it is in this way that EE is intended to 
create a link between practicing teachers and the Math Forum’s practice. 
 Taken together, this section illustrated the way in which the EE is designed to 
	 		 53	
facilitate a virtual boundary encounter by creating a link between practicing teachers’ 
practice and the Math Forum’s practice through functioning as a boundary object. The 
design of the tool was a collaborative process between different communities and there is 
preliminary evidence that the tool does, in fact, have validity amongst these groups. The 
EE is also designed to have interpretive flexibility in that, for example, the selection 
tool’s use is intended to have structure in individual site use while lacking structure in 
common use. Lastly, the EE is designed to mediate a common practice of multiple 
communities, namely analyzing student work and designing feedback. The following 
further discusses how the EE is designed to facilitate a virtual boundary encounter by 
scaffolding activities that are consistent with the Math Forum’s practices. 
Designing a Virtual Boundary Encounter 	
 At the core of a virtual boundary encounter is engaging with design features of a 
software environment that scaffold activities consistent with a community’s practices. 
This study conjectured that the EE could mediate teachers’ engagement in activities 
consistent with Math Forum’s practices. Table 1 illustrates the conjectured relationship 
between the design features, activities the design features are intended to mediate, and the 
Math Forum’s practices. The following details these relationships. 
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Table 1: Conjectured relationship between features, activity and practice 
Design features Activity Math Forum practice 
• Selection tool  
• Noticing and 
wondering 
commenting 
field 
• Categorization 
system 
• Aggregation system 
• Analyzing 
student work 
• Design 
feedback  
Egalitarian 
• Selection tool  
• Noticing and 
wondering 
commenting 
field 
 
 
• Focusing on the details of 
student 
thinking 
• Grounding 
analysis in 
student thinking 
Valuing 
• Categorization system 
• Aggregation 
system  
• Making conjectures about 
students’ 
mathematical 
understandings 
• Reflect upon evidence of 
student thinking to 
develop focused feedback 
Evidence-based feedback 
 
 Egalitarian. The Math Forum’s egalitarian practice is one that welcomes 
contributions from all individuals and attempts to provide all individuals access to 
mathematics. The EE is designed to mediate activity consistent with this practice and 
support users in finding entry points for all students’ access to more sophisticated forms 
of mathematical thinking. The tool mediates activities that fall into two different 
categories, analyzing student work and designing feedback. In analyzing student work, 
the tool mediates a process of attempting to understand what students know in order to 
use their state of knowing as a starting point for facilitating learning. In crafting feedback, 
the tool is designed to engage users in building on initial analyses of student work to 
create an environment that supports students’ expansion of mathematical understandings. 
In this way, users are involved in democratizing mathematics by focusing on the 
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individual and modifying the environment in ways that can support a particular student’s 
engagement with more sophisticated forms of mathematical thinking. Taken together, the 
tool’s design is intended to support teachers in figuring out what each and every student 
knows and then creating conditions that are appropriate for each student’s access to 
mathematical thinking. Thus, as one interrelated activity, the EE is designed to mediate 
the analysis of student work and design of feedback in ways that are consistent with the 
Math Forum’s egalitarian practice. However, further unpacking the activity of analyzing 
student work and designing feedback reveals the ways in which they are consistent with 
valuing and providing evidence-based feedback, respectively. 
 Valuing. The Math Forum’s practice of valuing takes seriously the notion that 
everyone has something to contribute and is operationalized through the activity of 
noticing and wondering. Noticing and wondering is a framework used by the Math 
Forum for analyzing student thinking in order to find a starting point for supporting their 
mathematics learning. The EE is designed to mediate activity that is consistent with the 
ways in which Math Forum staff applies noticing and wondering. In particular, these 
activities include focusing on the details of student thinking and grounding analysis in 
this thinking by asking specific questions.  
 The EE’s design includes a commenting field for noticing and wondering, which 
provides an entry point into these activities. Noticing frames analysis of student work 
through the lens of “I notice,” which is intended to focus user’s attention to anything that 
is interesting, unique or questionable. Once an aspect of student work is “noticed”, the 
notion of “I wonder” is intended to afford careful thinking about what the “notice” could 
say about the mathematics students know. While the notion of noticing and wondering 
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frames analysis of student work in a particular way, the selection tool and commenting 
field further mediate engagement in focusing on the details and grounding analysis in 
student thinking.  
 The selection tool mediates this activity by allowing the highlighting of aspects of 
students’ work noticed by the analyst. As aspects of student thinking are selected, they 
are aggregated at the bottom of the screen. This isolates instances of student thinking and 
affords the opportunity for additional thinking to be done about the details of student 
thinking. Moreover, interconnected with the selection tool, the noticing and wondering 
text field constructs a link between users’ thinking about student work and specific 
aspects of that work. In particular, in order to record a notice or wonder in the text field a 
highlighted aspect of a student’s work must first be selected. Therefore, users are 
required to make comments grounded in specific instances of student thinking. To this 
end, the EE is designed to mediate activities involved in noticing and wondering and, 
consequently, valuing by focusing user’s analysis on details of student thinking as well as 
by grounding this analysis in student thinking. While these aspects of the tool’s design 
are intended to support the analysis of student work, the categorization and aggregation 
systems are intended to support the design of feedback in ways that are consistent with 
the Math Forum’s practice of providing evidence-based feedback. 
 Evidence-based feedback. The Math Forum practice of providing evidence-
based feedback is an iterative process of collective evidence of student thinking and 
reflecting upon this initial layer of analysis to develop conjectures regarding student 
understanding while designing focused feedback that is grounded in concrete evidence 
(i.e. evidence of student thinking). The EE is designed to mediate engagement in 
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activities that are consistent with this practice, which include making conjectures about 
students’ mathematics understandings and using evidence of student thinking for 
feedback.  
 In the process of crafting feedback, the EE is designed to build on the initial 
analysis of student work. The environment creates residue of the analyst’s thinking 
during the process of selecting, noticing and wondering. Grounded in the details of 
students’ thinking, this residue includes highlighted selections and corresponding list of 
noticings and wonderings. Residue created through analysis is data that can be used in the 
activity of developing conjectures about students’ mathematics understandings as well as 
leveraging this evidence for feedback. The following provides additional details on how 
the categorization and aggregation system are designed to mediate this activity. 
 In selecting, noticing and wondering about student work, the residue created may 
include a set of similar comments across multiple students. To provide a way to think 
about these similarities, the categorization system is designed to afford teachers’ 
development of folders that name observed patterns as well as to collect selections from 
students’ work that are consistent with this pattern. For example, consider that a theme 
could emerge in students’ work around thinking proportionally; therefore, a folder called 
“proportional reasoning” could be created to house evidence of this type of thinking. In 
collecting selections in this folder a link is created between the pattern in students’ 
thinking (the name of the folder) and evidence of particular examples of students’ 
thinking that can be likened to this pattern. In this way, the activity of abstracting and 
naming patterns engages teachers in making conjectures about students’ mathematics 
understandings. Moreover, the link between evidence of students’ thinking and the name 
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of the folder is documentation of users’ conjectures, which can be returned to in the 
design of feedback.  
 Used in this way, the categorization system affords the development of 
conjectures about students’ underlying mathematical understandings. However, analysis 
could also begin with a set of conjectures (formulated as a set of folder names) to support 
sorting and make sense of a set of student work. For example, folders could be developed 
around strategy used to solve the problem (i.e. guess and check, algebraic, etc.), the type 
of mistake a student made (i.e. calculational) or whether students used the correct units in 
their solution. Taken together, the activity of developing an initial set of conjectures or 
emergent conjectures guides the use of evidence in designing feedback. 
 Included in the Math Forum practice of providing evidence-based feedback is the 
development of an environment that improves conditions for learning. The aggregation 
system is designed to mediate activity that is consistent with this practice, which includes 
using evidence of student thinking for feedback. The aggregation system transitions users 
to a new space (shown in 2), which aggregates selections and corresponding 
noticings/wonderings in order to provide a snapshot of the thinking done in the initial 
analysis. In designing feedback, users can locate evidence of student thinking in 
particular folders as a way to think about what to address in their feedback. The 
relationship between the evidence of student thinking and the particular conjecture 
provides a point of reference for thinking about how to support students along trajectories 
from their current understanding to one that is more sophisticated. It is in this way that 
the aggregation system mediates activity around using evidence of student thinking for 
the design of feedback. Taken together, the categorization system and aggregation system 
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are designed to mediate activity consistent with the Math Forum practice of providing 
evidence-based feedback by supporting the development of conjectures and leveraging 
evidence of student thinking for feedback. 
 This section illustrated the ways in which the EE is designed to scaffold activities 
consistent with the Math Forum’s practices. In particular, the environment is designed to 
mediate the analysis of student work and the design of feedback as one interrelated 
activity, where the residue developed during the initial analysis can be leveraged for the 
design of feedback. This activity is consistent with the Math Forum’s egalitarian practice 
because it is one way of democratizing mathematics and making it accessible to all 
learners. Further unpacking the activity of analyzing student work and designing 
feedback revealed how these activities are consistent with valuing and providing 
evidence-based feedback. In analyzing student work the selection tool and noticing and 
wondering commenting field are interconnected and mediate activity that includes 
focusing on the details of student thinking and grounding analysis in this thinking, which 
is consistent with valuing. In designing feedback the categorization and aggregation 
systems mediate activity that includes developing conjectures about what students know 
and leveraging evidence of student thinking for feedback, which is consistent with 
providing evidence-based feedback. One consequence of this discussion is that, given the 
conjectured relationship between the design features and the activities mediated by the 
tool and the relationship between the activities mediated by the tool and the Math Forum 
practices, there is a conjectured relationship between the design features and the Math 
Forum practices. This is at the core of a virtual boundary encounter as the EE’s features 
are intended to emulate participants’ collective activity as if they were members of the 
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Math Forum. 
Conclusion 	
 This section discussed the way in which the EE was designed and is intended to 
facilitate a virtual boundary encounter with the Math Forum. It was argued that the EE 
had properties of boundary objects, which has the potential to create a link between 
practicing teachers’ practice and the Math Forum’s practice. It was also argued that the 
EE’s design features would scaffold activities consistent with the Math Forum’s 
practices. Thus, it is conjectured that practicing teachers’ engagement with the EE in 
collective mathematical activity would constitute a virtual boundary encounter with the 
Math Forum. This study investigates this conjecture in the context of online community-
based PD.  
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Chapter 5: Methodology 
 This study was grounded in communities of practice, a sociocultural perspective 
of learning that conceives of learning and knowing as integrally bound up with 
participation (Lave & Wenger, 1991; Wenger, 1998). As such, this study took collective 
activity as the unit of analysis and investigated (1) the patterns in participants’ 
interactions to uncover the extent to which the network affords flow of information and 
access to resources and (2) the content of participants’ interactions to uncover emergent 
norms and collective practices. Results from these investigations contributed to a better 
understanding of the extent to which a community evolved. In addition, the 
documentation of emerging norms provided means to investigate the extent to which the 
community’s norms became consistent with the Math Forum’s practices.  
This chapter further details this research design. In doing so, the chapter 
reintroduces the research questions, discusses the research site, participants, data 
collection and preparation, a lens to frame data analysis, and data analysis plan.  
Research Questions  
1. To what extent does the participants’ online network resemble a community?  
a. What are the participants’ norms and collective practices? 
b. How do the structural characteristics and core/periphery structure of 
participants’ social network evolve over the duration of the course? 
2. How does a web-based tool function at the boundary between two communities? 
3. How can community-based PD support the process of teachers’ enculturation into an 
existing online community of practice? 
a. If a community is documented, to what extent do the community’s norms and 
collective practices align with the existing online community’s? 
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Research Design 
Collective activity can be studied both by examining interactional patterns and by 
investigating the content of these interactions. Qualitative or quantitative approaches are 
used to better understand the different aspects of collective activity (Cobb & Whitenack, 
1996; Moolenaar, 2012; Rasmussen & Stephan, 2008; Schenkel, Teigland, & Borgatti, 
2001; Scott & Carrington, 2011). Integrating these approaches can provide insight into 
the nature of participation in social activity that either approach could not achieve on its 
own. For example, Silverman (2012) showed that teachers who more frequently 
questioned and challenged colleagues in online discussions were more likely to show 
significant gains in content knowledge. In addition, Penuel, Sun, Frank, and Gallagher 
(2012) contributed teachers’ adoption of practices that were the focus of a PD workshop 
to the extent to which teachers interacted with others in PD who had high levels of 
expertise. These examples show that understanding the nature of teachers’ participation 
or their amount of participation alone was not sufficient to yield significant findings. 
Instead, it was the integration of qualitative and quantitative analyses that uncovered 
significant results. In conjunction with this supporting research, there have been calls for 
mixing methods to investigate collective activity (Baker-Doyle, 2015; Moolenaar, 2012). 
To capitalize on the potential of integrating qualitative and quantitative analyses 
for understanding collective activity, a mixed methods design was adopted for this study. 
This study employed a triangulation mixed methods design (Creswell, 2008), which 
consisted of the application of qualitative and quantitative approaches and then 
simultaneous interpretation of findings, where results from each approach were given 
equal weight (Creswell, 2008). In doing so, this study applied Documenting Collective 
	 		 63	
Activity (DCA) as the qualitative approach and Social Network Analysis (SNA) as the 
quantitative approach.   
 DCA is a systematic approach to analyzing the content of participants’ 
interactions to document the emergence of norms and collective practices (Rasmussen & 
Stephan, 2008). In particular, DCA uses both coding and discourse analysis procedures to 
investigate patterns or regularities in collective activity. In mathematics education 
research, this approach has yielded significant results in understanding instructional 
sequences that contributed to the emergence of particular norms and mathematical 
practices (Rasmussen & Stephan, 2008; Rasmussen, Wawro, & Zandieh, 2014; Stephan 
& Rasmussen, 2002). Thus, DCA is both useful for making sense of what defines a 
community as well as relating the norms and practices that define the community to 
instructional sequences that supported their emergence.  
SNA is a quantitative method that uses procedures derived from graph theory to 
investigate patterns in individuals’ interpersonal relationships (Scott & Carrington, 2011). 
Investigating the structural features of a network can give indication of the extent to 
which the network affords the flow of information and access to resources (Burt, 2001). 
SNA studies have linked structural features of social networks to being more conducive 
to the emergence of a community (Schenkel et al., 2001) while also relating features (i.e. 
density of connections in teachers’ personal and professional networks) to changes in 
teachers’ practices (Daly, 2010; Moolenaar, Sleegers, & Daly, 2012). Thus, SNA is 
useful for better understanding the features of a social network and how they relate to 
those found in communities.   
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While DCA and SNA, on their own, uncover different aspects of collective 
activity, taken together these methods provided a more fined grained understanding of the 
nature of collective activity. In particular, results from DCA and SNA were integrated 
together to provide different entry points into understanding content and structure of 
participants’ interactions. In addition, results from these analyses were compared against 
one another to further refine and verify or refute conjectures about the extent to which a 
community has emerged. Thus, a mixed methods approach provided multiple lenses to 
investigate collective activity in online community-based PD. 
PD Courses And Research Site 
 This study examined teachers’ collective activity in the first of a three-course 
sequence in an online master’s program. This sequence of courses is designed to support 
practicing teachers’ engagement in online community-based PD that focuses on the 
development of content knowledge and student-centered instructional practices. Foci of 
the courses include: 
• Course 1: Content knowledge 
• Course 2: Diagnosing student mathematical thinking 
• Course 3: Mentoring students in online environments  
The EnCoMPASS Environment was integrated into each of the three courses. The 
following provides additional details regarding course one and the use of the 
EnCoMPASS Environment. 
 Course one. The first course of the three-course sequence is Functions 
throughout the curriculum. Largely focused on collectively doing mathematics and 
reflecting on this mathematical activity, course activities support teachers’ examination 
of quantitative scenarios to make sense of functional relationships and solve mathematics 
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problems. Emphasis is placed on inspecting the ways in which quantities vary both 
individually and in relationship to one another, which can support understanding the 
underlying dynamics of quantitative relationships (Carlson, Jacobs, Coe, Larsen, & Hsu, 
2002). This research-based strategy to approaching mathematical activity supports 
learners in developing habits of mind that can extend beyond any one mathematical topic 
or type of problem.  
 A core component of this course is participants critiquing and providing feedback 
to their colleagues’ mathematics work. The EnCoMPASS Environment was integrated 
into this course and mediated teachers’ analysis of their colleagues’ mathematics work. 
For example, in week three of the course, teachers were assigned to a small group where 
they collectively analyzed trigonometric functions. Following independent work to get 
familiar with the problem, teachers shared their initial thoughts, questions or solutions 
and then analyzed their group members’ work in the EnCoMPASS Environment. This 
analysis served as the foundation on which teachers provided feedback to their 
colleagues. The web-based tool was used similarly in subsequent weeks and mediated 
teachers’ interactions around their core mathematics work.  
Participants 
 Participants in this study were practicing mathematics teachers who participated 
in course one of the three-course sequence. Thus, at the time of data collection, the 21 
teachers enrolled in course one were eligible to participate. The majority of the 
participants had between one and three years of teaching experience, while several 
participants only had experiences student teaching. A majority of participants’ teaching 
experience was at the secondary level. The mathematical background of the group is 
diverse. While many of the participants have backgrounds in mathematics, several have 
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backgrounds in science and other STEM fields. As this program fosters education at 
distance, participants’ geographical locations were varied. In this study, 63% of the 
participants were female, while the racial ethnic background of participants was 
unknown. 
 Participants in this study can be broadly conceived of as a community and will be 
referred to as the EnCoMPASS Community. The guiding conceptual framework for this 
study, communities of practice (Wenger, 1998), argues that a community is defined by 
mutual engagement, shared repertoire, and a joint enterprise. Teachers engage in shared 
practices such as teaching mathematics to students, grading papers, going to 
faculty/department meetings etc. They also have a set of shared tools such as curricular 
materials and educational technologies as well as the common goal of supporting 
students’ mathematics learning. It is in this way that participants can be conceived of as a 
community.  
Data Collection And Organization 
The data corpus for this study consisted of discussions board posts from the 
course DB, participants’ interactions mediated by the EnCoMPASS Environment, and 
data generated during the analysis. Data collection included gathering archived data from 
the course and the EnCoMPASS Environment. Data from online interactions was 
anonymized by a third party and then organized by the researcher into an excel 
spreadsheet by week, thread, content, author of the post, who the post is directed to and 
media of communication (either discussion board or EnCoMPASS). In addition to the 
“raw data” this study generated a large collection of data throughout the analysis, which 
included SNA results, analytical memos, organizational charts, and logs of conjectures. 
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This data was organized using Google docs/spreadsheets and filed chronologically 
according to the type (analytical memos, charts etc.).  
Data preparation included importing data into qualitative and quantitative data 
analysis software packages. Qualitative analysis was conducted with Nvivo and 
quantitative analysis was conducted with UCINET (Borgatti, Everett, & Freeman, 2002). 
There were several procedures conducted in the preparation of quantitative data, which 
are discussed in the following. 
Quantitative data preparation. The preparation of interactional data for SNA 
included several decisions. First, an interaction in this study was defined as “responds 
to.” Responds to, in this study, was determined as the link generated in Blackboard 
between posts when participant A selected “Reply” in the learning management system, 
generated a comment, and then submitted that comment to participant B’s post. To 
document interactions, the researcher recorded to whom a message was directed to in the 
“author to” column in the master spreadsheet. Second, interactions mediated by the 
EnCoMPASS Environment were omitted from the SNA. This is because these 
interactions were contrived in the sense that the instructors determined them by placing 
teachers into groups. Third, interactions with instructors from the course (including the 
researcher) were included in the interactional data. The Instructor was active in the course 
DB, thus his participation had an impact on the structure of the social network. Fourth, 
following Rabbany, Takaffoli, and Zaïane (2011) and Ruane and Koku (2014) initial 
posts (the first post of discussion thread) were not included in the interactional data 
because coding initial posts includes either denoting them as self-directed or constructing 
an “initial node” that is treated as if it were an actor in the analysis. This is problematic 
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because the former adds a level of complexity to the data set and impacts the results of 
certain analyses. The latter results in an incommensurable node because nodes would 
represent people while the initial node represents the function of a post in the discussion. 
To maintain the richness of the data set, initial posts were tallied and recorded as an 
attribute variable.  
Following the completion of the “author to” column of the master spreadsheet an 
edge list was constructed in UCINET. An edge list is an aggregation of every interaction 
in a data set. To prepare this list, the “author to” and “author from” columns from the 
master spreadsheet were copied into another workbook that is organized by course. These 
lists were copied and pasted into a UCINET “DL file.” UCINET converted the DL file 
into a UCINET dataset and constructed a communication matrix. This matrix was an n x 
n valued asymmetric matrix. Each row represented a participant’s2 communication in the 
network, where cell Xij represents a directed connection from participant i to participant j. 
This matrix is valued in the sense that each cell could be larger than one depending on the 
number of times a directed connection is made. The matrix is asymmetric because Xij 
typically did not equal Xji because the number of directed connections typically was not 
the same from participant i to j as from j to i. 
Once the master edgelist was generated, the data was parsed according to the 
week in which it occurred. In order to study the evolution of participants’ social network, 
this study constructed cumulative data sets. Specifically, these data sets included week 
one interactions, week one and two interactions, week one through three interactions, etc.  
																																																								2	Given that interactions with instructors will be included in this analysis, “participant” will be used to refer 
to teachers as part of the graduate program and the instructors.	
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This concludes the data preparation and organization for this study. The following 
discusses a lens through which the data analysis in this study was framed as well as 
methodological considerations for documenting the emergence of norms. 
Framing Data Analysis 
 Orienting the analysis of collective participation in online PD activities and 
emergence of norms and collective practices was the emergent perspective. The emergent 
perspective regards learning as a reflexive relationship between individual mathematical 
activity and enculturation into a community of practice (Cobb & Yackel, 1996). 
Operationalizing the emergent perspective is the interpretive framework, which is useful 
for better understanding the emergence of norms and collective practices in teachers’ and 
students’ mathematical activity (Clark, Moore, & Carlson, 2008; Clay, Silverman, & 
Fischer, 2012; Cobb, Stephan, McClain, & Gravemeijer, 2001; Cobb & Yackel, 1996; 
Dean, 2005; Fukawa-Connelly, 2012; Stephan & Rasmussen, 2002). The different 
aspects of the interpretive framework introduce nicety to the analysis of norms and is a 
first level parsing of types of mathematical activity. 
This study drew from the “social side” of the interpretive framework, which 
delineates between three qualitatively different ways of participating in collective 
mathematical activity. These forms of activity include social norms, sociomathematical 
norms and mathematical practices. Social norms are patterns in collective activity that are 
not specific to mathematics learning. One instance of a social norm documented in 
Fukawa-Connelly (2012) was the agreement that one should ask clarifying questions 
when explanations are unclear. Sociomathematical norms are specific to collective 
activity in learning of mathematics. In one example, it became normative for students, 
when presented with multiple solutions in a classroom setting, to compare solutions to 
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make sense of how and why they are different (Yackel & Cobb, 1996). Similar to social 
norms, sociomathematical norms could emerge in different social contexts where 
mathematics learning is the focus (e.g. mathematical difference could emerge in the 
learning of differential equations as well as in learning methods of counting). 
Mathematical practices, on the other hand, are shared ways of engaging in particular 
mathematical activity (Bowers, Cobb, & McClain, 1999). For instance, a mathematical 
practice could be observed when it becomes taken as shared that counting by tens is an 
acceptable way of reasoning to solve addition problems (Cobb & Yackel, 1996). Taken 
together, the interpretive framework provided a nuanced lens into data analysis that was 
useful for making sense of participants’ collective mathematical activity. 
Methodological considerations. This section briefly discuses methodological 
considerations in the documentation of norms and collective practices. As alluded to 
above, any one instance in participants’ participation in collective activity cannot be used 
to make claims about norms and collective practices. Instead, it is the analyst’s 
observation of patterns in participation over time that leads to the development of 
conjectures regarding norms. Dean (2005) notes, however, it is important for other 
researchers to be able to judge the validity of an analysis of norms. As such, two forms of 
evidence have been taken as acceptable ways to justify that a pattern or theme in 
participation is in fact a norm (Dean, 2005).  
These forms of evidence include explicit discussion and occasions of challenge. 
The first form of evidence that can be used to verify a conjecture regarding norms is a 
group’s explicit discussion of social obligations for collective activity (Cobb, 2002). In 
such instances, a group would typically negotiate what constitutes acceptable 
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participation as well as express a value for ways of engaging practice. The second form 
of evidence is grounded in the assumption that norms are often valued and collectively 
established as legitimate forms of participation (Sfard, 2000). Thus, if a form of 
participation is a norm, when it is violated the breaching action would invoke an occasion 
of challenge. However, if what appeared to be a violation does not raise conflict, the 
conjecture should be revised (Dean, 2005). In the analysis of norms, explicit discussion 
and occasions of challenge are regarded as robust evidence for the emergence of norms. 
Framing analysis in this way was useful for delineating qualitatively different 
types of collective activity and provided two entry points into examination of data: (1) the 
different types of collective activity that could become normative such as social norms, 
sociomathematical norms, and mathematical practices, and (2) the different forms of 
evidence that are acceptable for verifying the emergence of norms such explicit 
discussion and occasions of challenge. This frame guided the researcher’s analysis of 
norms.  
Data Analysis Plan 
This analysis applied mixed methods and developed a grounded theory that is a 
hypothesis regarding how to support the process of teachers’ enculturation into an 
existing online community of practice. According to Strauss and Corbin (1998) a 
grounded theory is a “theory that was derived from data, systematically gathered and 
analyzed through the research process.” Grounded theory is appropriate for this study 
because “theory derived from data is more likely to resemble the ‘reality’ than is theory 
derived by putting together a series of concepts based on experience or solely through 
speculation” (p. 12). Thus, grounded theory provided a tool for the development of a 
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situated account of learning.  
It is also worth noting the resultant grounded theory began with the design of this 
study, which is a theoretically grounded conjecture regarding how to support the process 
of enculturation. In other words, the theoretical backdrop of this study outlines a 
framework for supporting teachers’ enculturation into a community of practice. The 
results of this study is a detailed account of how this process unfolded in the context of 
practicing teachers participating in PD activities with the web-based tool. The following 
discusses the plan that was applied to answer the research questions of this study. 
In this study there were three primary phases of analysis and then a fourth phase 
of retrospective analysis. The analysis had the goal of (a) understanding the extent to 
which the EnCoMPASS Community evolved into a densely connected community that 
engages more sophisticated norms for mathematical and pedagogical activity; and (b) 
relating the emerging norms to the Math Forum’s practices in order to understand the 
extent of participants’ enculturation into the Math Forum community of practice. The 
phases of analysis included: (1) quantitative analysis of participants’ interactional 
patterns, (2) qualitative analysis of the content of participants’ interactions, and (3) 
integration of the quantitative and qualitative results, and (4) retrospective analysis to 
further verify findings of the first three phases as well as to relate findings to activities 
that supported their emergence. The following table relates these phases to the research 
questions of this study.    
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Table 2: Summary of research questions and corresponding analysis 
Research question 
 
Information needed Analysis that will primarily 
answer the question 
1. To what extent does the 
participants’ online network 
resemble a community? 
a. How do the structural 
characteristics and 
core/periphery structure of 
participants social 
network evolve over the 
duration of the course? 
b. What are the participants’ 
norms and collective 
practices? 
• An understanding of the norms, 
practices and features of the social 
network 
o A documentation of the 
structural characteristics 
of the social network  
o An understanding of 
regularities in in 
collective activity in PD 
courses 
 
• Mixed Methods 
o QUANT 
o QUAL (with a 
focus on 
conjectured 
norms) 
2. How does a web-based tool 
function at the boundary 
between two communities? 
An understanding of how teachers 
engage with the tool and the ways in 
which this engagement changes over 
time. 
• QUAL with particular 
focus on emerging themes 
and categories.  
3. How can community-based 
PD support the process of 
teachers’ enculturation into an 
existing online community of 
practice? 
a. If a community is 
documented, to what 
extent do the 
community’s norms and 
collective practices align 
with the existing online 
community’s? 
• An understanding of the 
relationship between norms and 
practices and the activities in 
which they emerged. 
o An understanding of the 
norms and practices of the 
emerging community.  
o Documentation of the 
Math Forum’s practices. 
Retrospective analysis 
 
 
Quantitative data analysis procedures. Answering research question 1a 
included examining structural characteristics of participants’ social network and how they 
evolved over time. This included three stages: (1) application of procedures to network 
data and organization of results, (2) analysis for patterns and trends in results from stage 
one, and (3) interpretation of the analysis in regard to the research question and purpose 
of the study.  
Stage one. This study examined the way in which the network’s structural 
characteristics (e.g. density, average degree and reciprocity) and core/periphery structure 
evolved over the duration of the online PD course. SNA procedures included density, 
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average degree and reciprocity as well as core/periphery analyses. These procedures were 
conducted with cumulative data sets, where, for instance, the week three data included all 
of the interactions from weeks one, two and three. The following introduces the 
procedures.  
• Density gives indication of the extent to which a network is connected by calculating 
the proportion of ties present to all possible ties. A density of 100% indicates a 
network where each pair of nodes has a connection while a density of zero indicates 
the graph is completely disconnected.  
• Average degree gives indication of how many unique individuals, on average, 
participants communicate with in a network.3 An average degree of n-1 (where n is 
the number of participants, which in this case is 23) indicates that each participant in 
the network interacted with each of his/her colleagues (equivalent to a density of 
100%), while an average degree of five would indicate that on average participants 
communicated with five colleagues.  
• Reciprocity indexes the proportion of connections in network that are reciprocal, 
where both participants in a dyad initiated communication with their colleague. The 
maximum reciprocity index is 100%, meaning that each relationship in the network is 
a reciprocal relationship (equivalent to a density of 100%). A reciprocity index of 
zero indicates that while there is discussion in a network, participants do not reply to 
their colleagues’ posts.  
																																																								
3 Since all of the connections are contained within this network, average out degree (the number of times 
participants Ni-j initiates communication) and average in-degree (the number of times participant Ni-j 
receives communication) are the same. Therefore, average degree is reported as one measure in this study. 
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• Core/periphery analyses investigate the extent to which a network consists of one 
group of individuals who are more ore less connected to a core subgroup. 
Accordingly, core/periphery procedures bifurcate a social network into two classes 
with respect to frequency of participation as well as with whom that participation is 
with. Logs of membership as well as the proportion of connections present both 
within and between subgroups are provided to represent how the particular network 
structure fits within the model. A core periphery structure has a large proportion of 
ties present amongst the core subgroup, moderate proportion of ties present between 
subgroups, and a small proportion of ties present amongst the peripheral group 
(Borgatti & Everett, 2000).  
 Following application of the procedures in UCINET, the researcher organized 
results according to week and then conducted additional analyses, discussed in the 
following. 
 Stage two. This exploratory stage examined the results from conducting SNA 
procedures with network data. In doing so, the process to make sense of the evolution of 
participants’ social network included generating descriptive statistics, examining changes 
in the social network maps, creating alternative representations of the data to better 
visualize trends/patterns (e.g. developing graphs or charts), considering participants’ 
attributes, and integrating qualitative data into the interpretive process. Observations and 
insights regarding patterns and trends in the network data during this stage were 
documented for further examination.   
 Following this process, the emergent patterns in change of the network’s 
structural characteristics and the core/periphery analysis were integrated together to 
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define three stages of evolution in the network. These stages were then interpreted for 
meaning in the context of participation in online community-based PD. In doing so, the 
questions of how and why the particular network measures varied were explored, which 
included taking into consideration extant data (i.e. individual centrality, variation in 
core/periphery membership, participant attributes etc.).  
Qualitative data analysis procedures. Answering research questions one and 2a 
included documenting themes in participants’ use of the EnCoMPASS Environment and 
developing a trail of evidence that supported conjectures regarding the emergence of 
norms and collective practices. In doing so, the qualitative analysis applied a modified 
version of DCA to investigate patterns and regularities in participants’ collective activity. 
Following Rasmussen and Stephan (2008), the qualitative analysis was framed through 
the lens of what constitutes evidence of norms and the interpretive framework. In 
addition, the qualitative analysis generated results that were compared with quantitative 
findings to better understand the extent to which a community has emerged. 
Qualitative analysis included two stages: (1) coding procedures (open/axial) and 
conjecture making, (2) refining, revising and verifying or refuting conjectured norms as 
well as chronologically organizing the emergence of norms.  
Stage one. Open coding (Strauss & Corbin, 1990) began with a chronological, 
line-by-line analysis of the entire data set, which included interpreting each line of data 
and developing short phrases or descriptions that began to explain participation in the 
online PD course. This process was iterative where new codes were compared to previous 
codes in order to refine, compile and revise the codes as well as to allow themes to 
emerge from the data. As similar codes and themes emerged they were collected and 
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labeled to develop categories and subcategories. As part of this process, properties and 
dimensions were generated to delineate categories. In other words, emerging data was 
compared to categories to determine if the data is a specific case of the category (a 
property) as well as to identify along what continuum of that case this data reflects (the 
dimension). Results from open coding included a set of categories and corresponding 
properties/dimensions that began to explain the data.  
Following open coding, axial coding further refined the categories and 
subcategories. This included comparing categories with subcategories as well as with 
other categories. Categories were examined for similarities and differences as well as 
patterns in their properties and dimensions in order to better understand relationships 
between categories. The researcher constantly returned to the data to check the validity of 
the concepts being represented by the categories. It is conjectured that this process 
resulted in more refined categories that better reflect the “reality” of participants’ 
participation in this study (Strauss & Corbin, 1998).  
 After axial coding, the researcher looked across categories in order to develop 
conjectures about themes in participants’ use of the EnCoMPASS Environment and 
collective activity that emerged as normative. This included looking for patterns in 
categories and regularities in types of participation these categories represent. Analytical 
memos documented this process and began to develop “thick descriptions” of the 
conjectured norms. Memos included references to previous and subsequent instances in 
the data that constituted evidence for the particular conjecture. For example, in an 
occasion where conflict emerged around particular topics, the observation was compared 
to previous and subsequent data, categories and analytical memos to identify similar 
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instances in the data. Thus, the constant comparative process provided a means for 
developing a trail of evidence that documented themes in the use of the EnCoMPASS 
Environment and the evolution of conjectured norms.  
 Stage two. The second stage of the qualitative analysis included proceeding 
chronologically through the data, where each conjectured norm and theme was compared 
to the data as well as to other conjectures/themes in order to generate, test, and refine 
hypotheses against the entire data set. Documenting this process was a log that 
aggregated conjectures concerning norms and themes developed during prior phases 
(Table 3). The first column of the log aggregated the conjectured norms up to that point 
in the data. In column two is a link to evidence that provides basis for the conjecture (i.e. 
explicit discussion, conflict, or evidence from the argumentation analysis). Column three 
includes “ideas to keep an eye on,” which are ideas that became salient during the 
analysis. The fourth column includes additional comments and observations made in the 
data. Carefully attended to during the analysis were ideas that shifted from the “keep an 
eye on” column to the “normative” column. These instances guided retrospective 
analyses, which related the emergence of norms to particular course activities. The 
conclusion of this phase yielded a chronological organization of the emergence of 
conjectured norms and themes in the data. 
 
Table 3: Norms and collective practices log 
Course: A; Week: X 
Conjectured norm Link to supporting 
evidence  
Ideas to keep an eye 
on  
Additional comments 
Noticing and 
wondering 
LINK: conflict 
around noticing and 
wondering in week 9. 
Talking about 
noticing as 
something “we” do.  
During this week teachers shifted from 
engaging in the practice of noticing and 
wondering, to talking about noticing and 
wondering as something 
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 Qualitative analysis generated themes around participants’ use of the 
EnCoMPASS Environment as well as conjectures regarding the emergence of three 
norms and a collective practice, which provided evidence to answer research questions 1b 
and 2. Answering research question 1a entailed documenting week-by-week the 
emergence of norms and collective practices. Answering the second research question 
entailed relating the results of this analysis to the characteristics of boundary objects as 
well as examining the way in which participation with the EE impacted participants’ 
interactions in the DB. In addition, the analysis also related emerging practices scaffolded 
by the EE to the Math Forum’s practices.  
Taken together, the qualitative analysis documented the evolution of the 
EnCoMPASS Community from the perspective of examining their emerging norms and 
collective practices. In conjunction with the quantitative analysis, the analysis of norms 
provided a more nuanced perspective of the extent to which a community emerged in the 
online network.  
Mixed methods. Consistent with the triangulation mixed methods design 
(Creswell, 2008), this phase of the study integrated qualitative and quantitative data for 
additional analysis and made comparisons between results to develop conjectures 
regarding the emergence of a community. The results from this phase of the analysis 
engendered a more refined understanding of the extent to which the EnCoMPASS 
Community evolved into a network that resembles a community.  
The mixed methods phase of this analysis systematically comparing conjectured 
norms to the results from the structural analyses of the social network to develop 
conjectures about the extent to which a community has emerged. In doing so, the 
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researcher examined the stages of evolution of participants’ social network in comparison 
to the chronology of the emergence of participants’ norms and collective practices. This 
process was significant in that it provided more robust evidence that participants’ norms 
and collective practices were in fact norms because they emerged within a context where 
participants were frequently interacting with one another. Moreover, it provided more 
robust evidence that participants highly connected network structure resembled a 
community because a subset of the interactions was around the establishment of norms 
for mathematical/pedagogical activity. Taken together, the result of this process 
triangulated across qualitative and quantitative results and provided more robust evidence 
for the extent to which community emerged. 
Retrospective analysis. This phase of the analysis had three stages. The first 
stage had the purpose of returning to the data to further refine and verify or refute 
conjectures regarding the emergence of norms as well as the emergence of community. In 
the second stage, these results were compared to the Math Forum’s practices in order to 
answer research question 3a. The third stage of the retrospective analysis returned to this 
refined set of conjectured norms and related them to particular activities that supported 
their emergence. Taken together, analyses of this nature have been related to constant 
comparative methods discussed in Glaser and Strauss (1967), which include integrating 
quantitative and qualitative results to build a grounded theory (Cobb, Confrey, diSessa, 
Lehrer, & Schauble, 2003; Cobb & Whitenack, 1996).  
Stages one and two. Stage one began with the refined set of conjectures from the 
previous phases of analysis in this study. Each conjecture was unpacked and compared to 
the entire data set in order to further refine the conjectures. Along with this process, 
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counts of participation in the emerging norms and collective practices were recorded in 
order to generate a sense of the extent to which particular participants contributed to the 
establishment of the class’s norms and collective practices. The result of this analysis 
resulted in claims grounded in the data about the emergence of norms and practices as 
well as the emergence of community. In stage two, this final set of conjectured norms 
was compared to the Math Forum’s practices. In doing so, the details of both the Math 
Forum’s practices and the EnCoMPASS Community’s norms were unpacked and 
examined. Unpacking the norms included examining the process of participating in the 
norm, the content of participation in the norm, and the function of an interaction that is a 
result of participating in the norm. The result of this process was generating a description 
regarding a dimension along which participants’ norms and the Math Forum’s practices 
are consistent.  
Stage three. The third stage of retrospective analysis related emergent norms to 
the activities in which they emerged in order to answer the fourth research question. As 
part of this process, particular attention was given to the role of the EE in mediating the 
emergence of norms. Stephan and Rasmussen (2002) argue that norms do not develop in 
isolation; instead they often develop concurrently where there is overlap in types of 
reasoning and participation that contribute to the establishment of norms. Therefore, to 
relate norms to the activities in which they emerged, conjectures regarding norms as well 
as “ideas to keep an eye on” from the norms and collective practices log were categorized 
according to patterns or themes in the conjectures and ideas to develop “chunks.” Then, 
within each of these chunks, conjectures and ideas were organized along a trajectory. 
This included piecing together the data to develop a narrative that documents the 
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emergence of norms. As part of this process, the researcher examined instances where 
significant changes or developments in teachers’ participation occurred and then related 
these instances to particular activities or experiences. This developed a correspondence 
between the emerging norms observed by the researcher and the sequence of activities 
that could have contributed to teachers’ establishment of these norms.   		
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Part Two:  
The Evolution Of A Generative And Productive Online Community  	 Part two of this paper examines and discusses the pattern of participants’ 
interactions as well as the class’s participation in emerging norms for mathematical 
activity and pedagogical practice. Chapter six examines results from conducting SNA 
procedures with network data and discusses stages of evolution of the community’s social 
network. The analysis in chapter seven introduces participants’ initial mathematical 
activity and then provides evidence for the evolution of the sophistication of this 
mathematical activity through the documentation of the emergence of norms. Chapter 
eight examines the way in which the EnCoMPASS Environment functioned at the 
boundary between participants and the Math Forum but also scaffolded participation in 
evidence-based feedback practices. Chapter eight also examines the transfer of feedback 
practices across modalities, from a scaffolded environment (the EnCoMPASS 
Environment) to a non-scaffolded environment (the DB).  							
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Chapter 6: The Evolution Of The Encompass Community’s Social Network 
 This chapter investigates the patterns of participants’ interactions by presenting 
and examining the results from conducting SNA procedures (e.g. density, average degree, 
reciprocity, core/periphery) with participants’ interactions in the DB. The purpose of the 
analysis was to understand how the EnCoMPASS Community’s social network structure 
evolved over the duration of the online PD course.  
 As I examined the results from conducting SNA procedures with network data 
from participants’ interactions in the course DB, it became apparent that there were three 
stages in which the network evolved. Broadly, the stages included an initial stage where 
participants were talking to colleagues with whom they had yet talk to on the course DB 
(weeks one through three), a brief stage where participants primarily communicated with 
colleagues with whom they already talked to on the course DB (week four), and then a 
final stage where participants returned to a pattern of talking to colleagues with whom 
they had yet to talk to on the course DB (weeks five through ten). 
 This chapter examines more closely how the structure of the class’s social 
network evolved during the three stages and will show that (1) in stage one, (a) the 
structure of the network quickly evolved and became nearly “half way connected” and 
(b) there was an emergent divide between participation in the core and periphery, (2) in 
stage two, (a) there was little change to the structure of the network, (b) the core 
communicated through existing communication ties while the periphery reached out to 
talk to a few colleagues with whom they did not talk to during stage one, and (c) the 
instructor distributed his participation across the network, and (3) in stage three, (a) the 
structure of the class’s network evolved and became nearly fully connected and (b) there 
was a reduced divide between participation in the core and periphery. Table 4, 5, and 6 
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present the raw data from the SNA procedures conducted with the class’s interactions on 
the course DB4.  
 
Table 4: Structural characteristics 
      Week 1 2 3 4 5 6 7 8 9 10 
Density 0.208 0.308 0.41 0.417 0.476 0.536 0.648 0.684 0.719 0.753 
Avg degree 4.36 6.78 8.91 9.17 10.47 11.78 14.26 15.04 15.82 16.56 
Reciprocity 0.438 0.551 0.615 0.616 0.631 0.686 0.768 0.792 0.802 0.808 
 
 
Table 5: Membership with the core 
Week 1 2 3 4 5 6 7 8 9 10 
Participants in the core  7 7 8 8 9 10 12 11 13 13 
Moved to periphery 0 1 2 1 2 1 1 1 1 2 
Moved to core 7 1 3 1 3 2 3 0 3 3 
 
 
Table 6: Core/periphery density model 
      Week 1 2 3 4 5 6 7 8 9 10 
Core-to-core 0.643 0.833 0.839 0.819 0.833 0.8 0.864 0.879 0.878 0.885 
Core-to-periphery 0.241 0.348 0.517 0.452 0.579 0.591 0.629 0.674 0.715 0.754 
periphery-to-core 0.107 0.223 0.317 0.302 0.389 0.432 0.614 0.674 0.692 0.738 
periphery-to-periphery 0.125 0.237 0.276 0.313 0.324 0.364 0.455 0.473 0.489 0.544 
 																																																								4	As discussed in chapter five, an interaction in this study is regarded as the first time a participant sent a 
post to his/her colleague in the course DB, while the SNA procedures were conducted with cumulative data 
sets.	
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Stage One 
 The first stage of the network’s evolution included the first three weeks of the 
course. Each week included required discussions where participants engaged 
mathematical activity as well as talked about mathematics, pedagogy and mathematics 
education more broadly. The following discusses the structural characteristics of the 
network to show that in stage one (1) the network quickly evolved and became nearly 
“half way connected,” and (2) there was an emergent divide between participation in the 
core and periphery. 
 Evolving structural characteristics. This section discusses the structural 
analysis (e.g. density, average degree, reciprocity) from stage one in order to show that 
the network quickly evolved and became nearly “half way connected.” Results from 
conducting SNA procedures with participants’ interactions during stage one indicated 
that the proportion of ties present in the network to all possible ties (density) increased 
during each week in this stage until reaching 41% at the end of stage one. This means that 
close to one half of the ways in which participants could reply to their colleagues’ posts 
on the course DB occurred over the first three weeks of the course. The average outreach 
of participants’ interpersonal relationships (average degree) increased each week until 
reaching nine at the conclusion of week three, meaning that on average participants sent 
at least one post to nine (40%) of their colleagues during these three weeks. The 
proportion of participants’ relationships with colleagues that were reciprocal relationships 
(reciprocity) increased each week until reaching 61.5% at the end of week three. This 
means that in 61.5% of occasions where participants sent a post to a colleague there was 
a post sent back to the participant who initiated the communication (at one point or 
another during the stage).  
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 The structural analysis shows that stage one saw an evolving network structure 
that was became nearly “half way connected,” (e.g. the density was nearly 50% and 
participants sent a message to nearly one half of their colleagues [average degree was 9]) 
indicating that during stage one participants were reaching out and talking to colleagues 
with whom they had yet to talk to. This increase in the extent of participants’ 
communication is expected because stage one included the initial interactions between 
course participants. However, in the following core/periphery analysis, I will show that 
much of the communication in the network during stage one was concentrated within the 
core of the network. 
 An emergent divide between the core/periphery. While the structural 
characteristics provide information about the change in the network as a whole, 
core/periphery analyses provide insight into the extent to which particular groups of 
participants were more frequently responding to colleagues with whom they had yet to 
talk to on the course DB. Figure 3 illustrates the result of the core periphery analysis, 
where blue nodes are members of the core and maroon nodes are members of the 
periphery. The reader will notice that there were eight participants in the core and 15 
participants in the periphery. The between and within group densities indicate the 
proportion of potential ties present to all possible ties between the eight members of the 
core was 84% (core-to-core density). The proportion of potential ties present to all 
possible ties between the 15 peripheral participants was 27% (periphery-to-periphery 
density). Participants who were members of the core after week three established 52% of 
the potential ties with the periphery by responding to at least one of their posts (the core-
to-periphery density was 52%). Lastly, peripheral participants established 31% of 
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potential ties with the core by responding to at least one of their posts (periphery-to-core 
density was 31%). The core/periphery densities indicate that there emerged a core group 
of eight participants who, for the most part, talked with each of the members of the core 
at one point or another during stage one of the course. Moreover, the group of 15 
peripheral participants did not talk with many of their colleagues, as the analysis showed 
that only about one in four connections were present between participants in the 
periphery (periphery-to-periphery density was 27%). Thus, there appeared to be an 
emergent divide between the extent to which participants in the core and periphery where 
communicating with colleagues within the subgroup in which they were a member. 
 
Figure 3: Stage one core/periphery structure 
*Blue=Core; Red=Periphery 
 
 
 
 To further illustrate the extent to which the core talked to colleagues they had yet 
to talk to during stage one, consider that of the 207 posts sent in which established new 
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connections in the network during stage one, 109 were sent by the eight members of the 
core. Therefore, the eight members of the core (35% of the class) sent 55% of these posts. 
Thus, the core/periphery analysis indicates that while the network structure evolved 
(illustrated by the structural characteristics in the previous section), a large proportion of 
this evolution was due to the eight members of the core establishing new connections in 
the network by sending posts to colleagues they had yet to talk to on the course DB. This 
suggests that there was an emergent divide in participation between the core and 
periphery. 
 Discussion. The first stage of the network’s evolution was marked by an evolving 
network structure, indicating that in course discussions participants were talking to 
colleagues with whom they had yet to talk to. The SNA measures quantify the extent of 
this participation, showing that at the conclusion of stage one nearly one half of the ways 
in which participants could communicate occurred. Core/periphery analysis introduced 
nuance into this observation, showing that a large proportion of the posts sent to 
colleagues that established new connections were from the eight members of the core. 
Thus, the above analysis showed that in stage one the network quickly evolved and there 
was an emergent divide in participants’ social network as the eight members of the core 
were primarily responsible for the evolution of the network structure.   
 The above analysis suggests that the eight members of the core were beginning to 
establish a collective environment through interacting with other members of the core as 
well as reaching out to others in the class who less frequently communicated with new 
colleagues on the DB. As the core interacted within their subgroup, they were likely 
becoming familiar with the ways in which one another talked about course content. Thus, 
	 		 90	
there is potential that these eight participants were more frequently taking into 
consideration one another’s ways of talking about course content and beginning to 
develop a shared sense of acceptable ways of engaging mathematics in the course. 
Because the core also frequently interacted with peripheral participants, it is likely that 
the core was also becoming familiar with the periphery’s ways of talking about course 
content, thus further contributing to a collective sense of what constitutes acceptable 
ways of talking about course content. 
Stage Two 
 Stage two included only week four of the course. The discussion for this week 
was optional and the DB was primarily intended to foster discussion about content that 
was on the class’s upcoming quiz. Accordingly, participants asked questions about the 
quiz and shared sample responses to quiz questions while colleagues gave them feedback. 
The following analysis will first show that there was little change to the structural 
characteristics of the network during stage two. Then, the core/periphery analysis is 
presented in order to show that (1) the core participated through existing communication 
ties, (2) the periphery reached out to talk to a few colleagues with whom they did not talk 
to during stage one, and (3) the Instructor distributed his participation to a variety of 
participants in both the core and periphery.  
 Stable structural characteristics. Stage two was marked by minimal change to 
the structural characteristics of participants’ social network. Consider that in comparison 
to the structural characteristics at the conclusion of stage one5, the proportion of ties 
present increased by 0.7%, meaning that there were very few cases in which a participant 
																																																								
5 The comparison was made by subtracting the indices for density etc. at the conclusion of week four from 
the indices at the conclusion of week three. 
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sent a post to a colleague with whom they did not talk to during stage one. Accordingly, 
during stage two the average outreach of participants’ interpersonal relationships 
increased by less than one. Similarly, reciprocity increased by only a tenth of a 
percentage point meaning that there were very few instances where a participant 
reciprocated a connection by sending a post to a colleague who already had established 
the relationship in stage one. Thus, stage two was marked by minimal change in the 
structural characteristics of the class’s social network. This indicates that participants 
primarily communicated with colleagues with whom they already talked to in stage one. 
 Slight change in the core/periphery structure. Examining the network through 
the lens of the core/periphery structure uncovered slight changes in the network’s 
structure as this section will show that the periphery talked to a few colleagues with 
whom they did not talk to during stage one, the core primarily participated through 
existing communication ties, and the instructor distributed his participation across the 
core and the periphery6. First, to provide an overview of the core/periphery structure, 
there were eight participants in the core at the conclusion of stage two and the proportion 
of ties present to all possible ties within and between subgroups was 81.9% (core-to-
core), 45.2% (core-to-periphery), 30.2% (periphery-to-core) and 31.3% (periphery-to-
periphery). In comparison to stage one, there was one participant whose membership 
varied from core to periphery and one participant whose membership varied from 
periphery to core. In addition, there was minimal variation in the proportion of ties 
present to all possible ties within and between the subgroups. Because of the small 
change in structural characteristics and the core/periphery structure, it is worthwhile to 																																																								
6 When discussing the instructor’s participation I will draw from qualitative data to make a conjecture 
about the significance of this participation. 
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look more closely at exactly who talked to colleagues during stage two who they did not 
send a post to during stage one.	
	
Figure 4: Cumulative interactions from stage one and two 
*Blue=Members of the core; Maroon=Members of the periphery; Red=Changed membership to core in 
week four; Orange=Changed membership to the periphery in week four; Red edges=New connections in 
week four 
 
 
 
 Examination of the change in participants’ social network from stage one to stage 
two uncovered that there were six cases where participants sent a post to a colleague who 
they had yet to talk to in the course DB (connections shown in red in Figure 4). In 
particular, Summer, Gina, Melody and Taylor (peripheral participants at the beginning of 
stage two) sent posts to colleagues with whom they had yet to send a message to during 
stage one (see table 7). Taylor (a member of the periphery) talked to Paul (a member of 
the core) for the first time. Summer sent a post to Gina and Rose for the first time; and 
along with this increase, Summer became a member of the core. While the periphery sent 
six posts to colleagues they had yet to send a post to, members of the core sent all of their 
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posts to colleagues with whom they had already sent a message. In particular, the core 
sent 32 posts to other members of the core who they already talked to, while the core also 
sent 12 posts to members of the periphery who they already talked to. Thus, 72% of the 
posts sent by the core were sent to another member of the core. Therefore, SNA 
uncovered that the core communicated through existing communication ties (primarily 
with other members of the core) while the periphery reached out to talk to a few 
colleagues with whom they did not talk to during stage one.  
 
Table 7: New Communication Ties Established During Week Four 
   Number of colleagues ‘talked to’ 
Participants Membership New ties Week 3  Week 4  
Gina Periphery 2 5 7 
Melody Periphery 1 7 8 
Summer 
Moved from 
Periphery to core 
during week four 
2 8 10 
Taylor Periphery 1 11 12 
   
 While the core primarily communicated with other members of the core with 
whom they had already talked to, there was one exception. This exception was the 
Instructor, who sent messages to 12 different course participants during stage two (the 
messages did not establish new ties because the instructor already sent posts to these 12 
participants in stage one), five participants who were members of the core and seven 
participants who were members of the periphery (see figure 5). In this way, the Instructor 
distributed the messages he sent across the core and periphery.  
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Figure 5: The instructor’s participation 
*The red edges represent posts sent by the instructor to these particular participants  
 
 
 
 Discussion. This section showed that stage two was marked by little change to the 
structural characteristics of the class’s social network, a slight increase in the periphery’s 
communication with new colleagues, the core’s participation with colleagues they had 
already talked to, and the instructor’s frequent participation with the core and periphery. 
As noted above, the week four DB was optional and was designed to foster discussion 
about the week’s quiz. Thus, one potential explanation for the change in the 
core/periphery structure shown above is that the periphery likely began to seek advice 
from colleagues in regard to questions about the quiz. Because the periphery had few 
connections in the network (e.g. Gina had 5 and Melody had 7 after stage one), the 
discussion during stage two created an opportunity for peripheral participants to seek 
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advice about the quiz. On the other hand, the core might not have expanded the outreach 
of their interpersonal networks because in preparation for the quiz they felt more 
comfortable communicating with colleagues who they already talked to and perceived as 
trusted colleagues.   
 The above analysis also showed that the Instructor distributed his participation 
across the core and periphery during stage two. Because most of the discussion on the 
week four DB was around the quiz, it is likely that the Instructor’s posts had more of an 
impact on participants’ ways of talking about course content because of increased 
attention and motivation due to the pressures of getting a good grade on the quiz7. In 
addition, drawing from the qualitative analysis that is presented in chapter seven, the 
posts sent by the Instructor to the five members of the core and seven members of the 
periphery simply asked participants to expand upon their explanations around course 
content and include more explanation of why. These posts sent by the Instructor that 
asked participants to explain why were potentially significant, as he might have begun to 
create an environment where the expectations for mathematical explanations were 
becoming similar across the entire class. Thus, while there was an emergent core group of 
eight participants in stage one who primarily talked with one another during stage two 
(e.g. as shown above the core sent 72% of their posts to other members of the core with 
whom they already talked to in stage one), the Instructor’s participation during stage two 
could have had implications for engendering an environment where participants 
																																																								
7 Pressure to get good grades could be due to the fact that teachers need to get certain grades in order to get 
funding to fund PD as well as the fact that certain minimum grades are required to progress in the master’s 
program.  
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communicated across the core and periphery by contributing to an emerging shared sense 
of what constitutes an acceptable mathematical explanation in the course DB.  
Stage Three 	 Stage three included weeks five through ten of the course. During stage three the 
class participated in required DBs during each week, which included discussion prompts 
around mathematics and mathematics education. The following will show that during 
stage three, (1) the structural characteristics of the class’s network evolved and became 
nearly “fully connected” and (2) there was a reduced divide between membership with 
the core and periphery. 
 Evolving structural characteristics. The following presents structural 
characteristics of participants’ social network to illustrate the extent to which the class’s 
network evolved and became nearly “fully connected.” Results from conducting SNA 
procedures with interactions from stage three indicate the proportion of ties present to all 
possible ties increased each week (density), reaching 75.3% at the end of stage three (the 
end of the course). This means that about three quarters of the way in which participants 
could reply to their colleague’s posts occurred by the conclusion of the course. The 
outreach of participants’ interpersonal relationships increased each week (average 
degree), reaching 16.5 at the conclusion of the course. This means that participants, on 
average sent a post to 16 or 17 of their colleagues by the conclusion of the course. The 
extent to which participants sent a post to a colleague who sent a post back increased 
each week (reciprocity), reaching 80.1% at the end of stage three. This means that in 
80.1% of occasions where participants sent a post to a colleague there was a post sent 
back to the participant who initiated the communication. In comparison to stage two, 
during stage three proportion of ties present to all possible ties increased by 33.6%; the 
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outreach of participants’ interpersonal relationships increased by about 7.5 connections; 
and the percentage of relationships that were reciprocal relationships increased by about 
19%.  
 The analysis of the structural characteristics of participants social network 
indicates participants returned to a pattern of consistently talking to colleagues with 
whom they had yet to talk to on the course DB. The pattern of change in stage three was 
similar to the change in stage one. For example, the increase in the proportion of ties 
present to all possible ties during stage one was 41%, while the increase during stage 
three was about 35%. In addition, the increase in the average outreach of participants’ 
interpersonal relationships was nine in stage one while it was 7.5 during stage three, 
meaning that participants talked to between 7 or 8 colleagues during stage three with 
whom they did not send a post to during stage one or two. The change in structural 
characteristics of participants’ social network showed that the network began to evolve as 
the class was reaching out to talk to colleagues with whom they had yet to talk to on the 
course DB. 
 The structural characteristics of participants’ social network at the conclusion of 
stage three indicate that the class’s social network became nearly “fully connected.” For 
example, participants sent a post to about three fourths of their colleagues. In addition, 
most of the connections included a relationship where both participants were sending and 
receiving posts (the reciprocity was 80.1%). This resulted in a dense network, where 
participants were surrounded by colleagues who were also interacting with a large 
proportion of the others in the class. Thus, in stage three the class’s social network 
evolved and became nearly fully connected. 
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 A reduced divide. While the structural characteristics of the network evolved, 
this section will show that there was a decrease in the divide between membership in the 
core and membership in the periphery. At the conclusion of stage three, there were 13 
participants in the core of the network and 10 members of the periphery. In regard to the 
core/periphery densities, the proportion of ties present to all possible ties within the core 
was 88.5%, meaning that almost all of the potential ways in which the 13 members of the 
core could communicate occurred by the end of stage three. The proportion of ties 
present to all possible ties within the periphery was 54.4%, meaning that more than half 
of the potential ways in which peripheral participants could send posts to one another 
occurred by the end of stage three. The proportion of ties present to all possible ties from 
the core to the periphery was 75.4% and from periphery to core was 73.8%, meaning that 
nearly three quarters of the ways in which members of the core could send posts to the 
periphery and members of the periphery could send posts to the core occurred by the 
conclusion of the course. From stage two to stage three the proportion of ties present to 
all possible ties within the core increased by 5.2%, within the periphery increased by 
23.1%, from the core to the periphery increased by 30.2%, and from the periphery to the 
core increased by 43.6%.  
 This change in the core periphery structure indicates that while the proportion of 
ties present to all possible ties present within the core remained relatively stable, there 
was a large increase in the extent to which participants in the core and periphery 
communicated with one another (shown by the increase in the core-to-periphery density 
of 30% and the periphery-to-core density of 43.6%). This indicates that in course 
discussions, members of the core and the periphery began to reach out and talk to one 
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another rather than talk to colleagues within their particular subgroup (e.g. similar to the 
way in which they did in stage two). Thus, the results of the core/periphery analysis show 
a reduced divide between participation in the core and periphery as the two subgroups 
became highly connected. 
 Examination of changing membership with the core and periphery over the 
duration of the six weeks in stage three provides additional evidence for the reduced 
divide between participation in the core or periphery. For example, consider that 
membership varied between core and periphery during stage three, where there were 
eight participants whose membership varied between core and periphery and then seven 
participants who remained members of the core during stage three and eight participants 
whose membership remained with the periphery during stage three (see figure 6). 
Participants whose membership remained in the core for the entirety of stage three 
increased the extent of their interpersonal relationships from 15.5 to 19.7, participants 
whose membership varied from core to periphery increased the extent of their 
interpersonal relationships from 9.7 to 16.8, and participants whose membership 
remained in the periphery for the entirety of stage three increased the extent of their 
interpersonal relationships from 7 to 14. This suggests that participants can be parsed into 
three different levels of engagement: (1) Full participants were the seven participants in 
the core for the entirety of stage three, (2) emerging participants were the eight 
participants whose membership varied between core and periphery, and (3) peripheral 
participants were the eight participants whose membership remained with the periphery. 
This further illustrates the reduced divide between membership in the core and periphery 
because rather than being completely “in” or “out” of the core, emerging participants 
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appeared to be in a process of becoming members of the core as their membership was 
changing between core and periphery.  
	
Figure 6: Membership with the core per week  
*an ‘X’ indicates membership with the core for that particular week 
 
 
  The analysis of participants’ interactions in stage three showed the class returned 
to a pattern of sending posts to colleagues with whom they had yet to talk to on the 
course DB, contributing to an evolving network structure that became nearly fully 
connected. In addition, the analysis showed that there was a reduced divide in 
participation between the core and periphery, as the extent to which members of both 
subgroups sent posts to one another on the course DB increased (e.g. the density model 
showed about 75% of the potential ties between these two groups were present). The 
examination of the changing core/periphery structure over the duration of stage three 
identified a group of emerging participants, (participants whose membership varied 
between core and periphery during stage three) providing additional evidence for the 
reduced divide between participation in the core and periphery of the class’s social 
network. 
Conclusion  
 The first sub question of research question one stated: How do the structural 
characteristics and core/periphery structure of the participants’ social network evolve 
over the duration of the course? The above analysis distinguished three stages in which 
the class’s social network evolved. In stage one, (a) the structure of the network quickly 
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evolved and became nearly “half way connected” (e.g. the proportion of ties present to all 
possible ties was nearly 50%) and (b) there was an emergent divide between the extent of 
participation in the core and periphery (e.g. there was an emergent group of eight 
participants who initiated nearly 55% of the connections in the class). In stage two, (a) 
the structure of the network remained relatively stable (e.g. there was only 6 new 
communication ties established), (b) participants primarily communicated with 
colleagues within their subgroup (e.g. the core communicated only through existing ties 
while the periphery slightly increased the extent of their interpersonal relationships), and 
(c) the instructor distributed participation across the core and periphery (e.g. he sent posts 
to 5 members of the core and 7 members of the periphery). In stage three, (a) the network 
evolved and became nearly “fully connected,” and (b) there was a reduced divide 
between participation in the core and periphery (e.g. nearly 75% of the potential ways in 
which the core and periphery could communicate occurred, there was a group of 
emerging participants whose membership varied between the two subgroups). Taken 
together, the above analysis suggests the evolution of the class’s social network can be 
characterized as one that was initially defined by participation in two distinct subgroups 
in which the divide reduced and there emerged a more collaborative environment.  
 This study also posed the following research question: To what extent does 
participants’ online network resemble a community? One aspect of participation in a 
community of practice includes mutual engagement in shared practice (Wenger, 1998). 
During stage one of the course, there is evidence that the core was mutually engaging in 
course activity due to their high interactivity. This indicates that during stage one the core 
of the network resembled a community more so than the periphery. During stage three, 
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there is evidence that the entire class began to mutually engage in course activity due to 
the emergence of a nearly fully connected network. This indicates that by the conclusion 
of the course the network as a whole began to resemble a community.   
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Chapter 7: The Emergence Of Norms For Mathematical Activity 
 The previous chapter documented the evolution of the EnCoMPASS Community 
from the perspective of the patterns in their interactions. In this chapter, I unpack the 
content of participants’ interactions to understand the evolution of the EnCoMPASS 
Community through the emergence of norms for collective mathematical activity. In 
order to achieve this goal, this chapter examines participants’ mathematical activity in 
both the course DB as well as in the EnCoMPASS Environment (EE). When analyzing 
participants’ mathematical activity in these two environments, several themes in 
participants’ mathematical activity surfaced. Characteristic to the analysis of norms, once 
these themes were identified, I engaged retrospective analysis in order to uncover 
occasions of challenge or explicit discussion8 around the particular way of engaging 
mathematical activity as well as the first occasions in which the way of engaging 
mathematical activity was observed in the course. Thus, in the presentation of the class’s 
norms for mathematical activity I will show shifts in participation, examples of 
participation in the theme, and occasions of challenge and explicit discussion around the 
theme. In this way, this chapter will show (1) how participants’ initially engaged 
mathematical activity in the course, (2) the emergence of a social norm for developing 
mathematical explanations, and (3) the emergence of a sociomathematical norm for 
developing mathematical explanations. Prior to examining participants’ mathematical 
activity, the opening task in the online PD course is discussed. 
The Opening Task  
 A core content goal of the online course was to support the community’s 
engagement in reasoning covariationally about quantitative relationships. Carlson et al. 																																																								
8 As discussed in chapter five, challenging and explicit discussion are regarded as robust forms of evidence 
for the emergence of norms. 
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(2002) define covariational reasoning as “the cognitive activities involved in coordinating 
two varying quantities while attending to the ways in which they change in relation to 
each other” (p. 354). Given that this study is framed from a social perspective of learning, 
the term covariational analysis is used to refer to discourse that is a result of an 
individual who is likely engaging covariational reasoning. This way of examining 
functions includes focusing on underlying quantities and coordinating change between 
the quantities’ variation. Thompson and Thompson (1994) argued that teachers (and 
students) typically do not have opportunities to engage such reasoning throughout formal 
schooling years. Therefore, it was conjectured that at the beginning of the PD course the 
mathematics content would challenge participants to engage with familiar mathematics 
(e.g. functions) in qualitatively different ways. 
 In order to support participants along a trajectory of coming to engage 
covariational analysis, the course began with an interactive task designed to support 
participants’ focus on quantities and quantitative relationships. The scenario includes two 
points (City A and City B) that can be placed anywhere in the 2-dimensional plane and a 
third point (a car) that moves along a linear path (a road) through this plane (see Figure 
4). The applet (shown in figure 7) models this scenario and allowed participants to vary 
the position of the car and cities. In the activity, participants were (1) prompted to pick 
locations for the cities, (2) move the car along the road, (3) examine the pattern of change 
in the variation of the distance from the car to each City individually, and (4) examine 
how the distance from the car to the cities varies simultaneously. 
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Figure 7: Cities A & B Scenario 		
 Exploring the variation of the car’s distance to the cities through work with the 
applet (shown in figure 7) is followed by work with a second applet (shown in figure 8) 
that was designed to scaffold participants’ visualization of how the quantities’ 
magnitudes from the cities scenario (the distance from the car to City A and distance 
from the car to City B) vary independently as well as how they covary in a coordinate 
plane. One key aspect of this applet is that the quantities’ magnitudes are superimposed 
along the x and y-axes. Therefore, in the scenario shown in figure 8, the blue segment is 
the distance from the car to City B superimposed along the vertical axis of the coordinate 
plane. As the car travels from left to right the distance from the car to City B decreases, 
resulting in an equivalent change in the length of the blue segment along the vertical axis. 
The correspondence point between the quantities’ magnitudes also varies and the trace of 
this variation is a record of the covariation between the quantities. Thus, participants’ 
activity with these two applets scaffolded their examination of the behavior of the 
covarying quantities (distances from the car to the cities) as the car moves along the road.  
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Figure 8: Cities A & B and the correspondence point 		
 In addition to the mathematical activity just discussed, the course included weekly 
prompts that asked participants to reflect on their mathematics work. For example, a 
common weekly prompt stated: 
“Please use this DB to discuss our work…and your posts should include: 
• comments, thoughts, questions, or reflections on the weeks' readings and activities 
• anything that piques your interest this week, including connections to your 
classrooms 
• comments, thoughts, unresolved questions, or reflections about our continuing 
work” 
Therefore, in conjunction with ongoing mathematical activity, participants collectively 
reflected upon this work on the course DB 
Initial Mathematical Activity 	 This section examines participants’ initial mathematical activity in the course. 
The examples shown in this section are from the first two weeks of the course in which 
participants were engaging activity with the Cities task discussed above. Examination of 
participants’ work with the Cities task uncovered that (1) participants engaged static 
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shape discourse, that is they frequently talked about visual or perceptual features of the 
cities scenario and (2) participants responded to their colleagues’ posts when engaging 
discussion around the cities task by primarily sharing and comparing information. 
 Static shape discourse. This section examines examples of the ways in which 
participants engaged static shape discourse by examining visual features of the cities 
scenario. In particular, the section will show that participants (1) talked about shapes and 
used language that indicated they were talking about what they saw, and (2) talked about 
the relationships between the placement of the cities and the emergent trace of the 
covariation between quantities both statically and dynamically. 
 Shapes and “language use.” Examination of participants’ engagement with the 
Cities A & B task uncovered that participants described visual features of the scenario. In 
particular, each of the 21 participants described visual features of the graph that resulted 
from tracking the covariation of the car’s distances to the cities (e.g. the graph shown on 
the right side of figure 8 shown above). For example, consider the following examples: 
“the graph is always going to appear as a ‘U’ shape,” “the graph will look more like an 
‘L’ when one city is by one exit,” “it will create a short and wide rectangle which morphs 
into a tall and skinny rectangle.”  
 In these examples, participants explicitly described a shape (e.g. the “U,” “a short 
and wide rectangle”) as well as used language that indicated they were examining 
perceptual objects (e.g. “always going to appear,” “the graph will look…”). These brief 
examples illustrate participants’ discourse that indicated in their initial mathematical 
activity they were examining perceptual features of function graphs. 
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 Relating the scenario to the trace. This section illustrates the ways in which 
participants began to relate the placement of the cities (e.g. the placement of City A & B 
in diagram on the left hand side of figure 8) to the visual features of the graph that results 
from tracking the covariation of distances from the car to city A and city B. The class 
talked about such relationships as if: (1) the situation was static, where the movement of 
the car and the trace that emerges as a result of tracking the covariation between the car’s 
distances to the cities already occurred; and (2) the situation was dynamic where the 
movement of the car along the road corresponded to a ‘movement’ in the correspondence 
point.  
 Static. In the week one DB, two participants from the course, Jessica and Riley, 
discussed how different placements of the cities correspond to different classifications of 
graph shapes.  
Jessica (initial): As you move [Cities] A and B, if both are still between the exits 
[the endpoints of the road] you continue to have this parabolic like shape. If you 
place one of the cities outside of the exits you get an L shape…And finally if you 
place both outside the exits you get a line. 
Riley to Jessica: I noticed that you described the graph as parabolic. I was not 
sure if it was a parabola or some sort of x4 graph. The reason I questioned my 
parabola assumption was on account of the very wide "bottom" of our graph. 
Parabolas have a vertex and then slope upwards which our graph does not seem to 
be doing.  
 
 
 Jessica initiated the thread shown above by considering three sets of scenarios 
defined by the cities’ placement with respect to the exits: (1) the cities are inside the 
exits, (2) one city is outside the exit, and (3) both cities are outside the exits. Jessica then 
classified these situations according to the visual characteristics of the graphs in the 
coordinate plane. In particular, she noted the result is either a parabolic like shape, an ‘L’ 
shape, or a line. Riley responded to Jessica, expressed uncertainty regarding the idea that 
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the graph is parabolic (“I questioned my parabola assumption…”), and focused on a 
particular visual feature of the graph (the “very wide bottom”).  
 In the above interaction, Jessica and Riley examined the relationship between the 
placement of the cities and the corresponding shapes of graphs (e.g. a parabolic shape) as 
if it where static, where the movement of the car and the corresponding trace that 
emerges as a result of tracking the covariation between the car’s distances to the cities 
had already occurred. For example, Jessica appears to have classified placements of the 
cities (e.g. both cities inside the exits) and then related that placement to familiar 
functions (e.g. parabolas, linear etc.). In doing so, she does not discuss how or why the 
specific placements result in a particular shape (e.g. a parabolic shape). Riley’s response 
is in a similar light as she focused specifically on the parabolic shape and then began to 
examine features of the shape (“the wide bottom”) to make sense of whether or not it 
could be classified as a parabola. Riley’s analysis was removed from the scenario and did 
not take into consideration the placement of the cities as well as how or why the graph 
came to have this particular shape. This discussion illustrates the way in which 
participants examined the Cities scenario as if it were static, where the movement of the 
car already occurred. 
 Dynamic. The following example shows how participants engaged a more 
dynamic approach to the analysis of the relationship between the cities scenario and the 
variation of the correspondence point. For instance, consider Hank’s week one post 
where he examined the ‘movement’ of the correspondence point.  
Hank: As the car moves along the road initially, the correspondence point, moves 
down to the left.  The correspondence point begins to move more slowly in both 
directions, but slows down more quickly in the horizontal direction until the graph 
is only moving down.  The graph then begins to move and accelerate to the right 
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as it slows down vertically, thereby moving down and to the right for a brief 
while. Once the car reaches the minimum distance to city B, the correspondence 
point is only moving horizontally.  Finally, the correspondence point begins to 
accelerate upward again and moves up and to the right. 
 
 
 In this example, Hank began his explanation by talking about the movement of 
the car along the road and the way in which the correspondence point moves. He also 
talked about the speed at which the correspondence point was moving (“begins to move 
more slowly”) while including language that indicated a focus on the direction of the 
correspondence point’s movement (“down and to the right,” “moving horizontally”).   
 It appears that Hank, in the above example, was describing what he saw 
happening as he varied the car’s position along the road in the applet (e.g. in the applet 
shown in figure 8). For example, the language highlighted above where he talked about 
speed and direction of movement indicates that he is describing what he saw. However, 
the explanation is dynamic in the sense that he talked about objects in motion rather than 
static objects.  
 Looking across the static and dynamic explanations, there is evidence that both 
types of explanations were a result of examining perceptual objects. Jessica and Riley 
explicitly examined graph shapes (“parabolic”), features of those shapes (“a wide 
bottom”) and talked about how these shapes related to placements of the cities. Hank 
talked about the movement of the car and the movement of the correspondence point, 
using speed and direction as a way to describe how the correspondence point varied.  
 Summary. Taken together, this section provided evidence for the ways in which 
participants engaged static shape discourse as the above analysis showed that participants 
(1) talked about the shape of graphs and used language that indicated they were 
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describing what they saw, (2) examined relationships between the placement of the cities 
and the resulting trace from tracking the covariation between the car’s distance to the 
cities in both a static (as if the covariation of quantities already occurred) and dynamic 
way (examining the movement of the correspondence point). 
 Patterns in communication. This subsection examines a pattern in the ways in 
which participants responded to their colleagues’ posts when engaging mathematical 
activity on the DB. In particular, this pattern in their communication is characterized as 
sharing and comparing information.  
 In order to illustrate the way in which participants shared and compared when 
engaging discussion on the DB, the following week-two interaction between Hank, Cindy 
and Ava is examined. This discussion between Hank, Cindy, and Ava was in the context 
of the cities scenario, as they discussed classifying function graphs that emerged from 
tracking the covariation of the car’s distances to the cities as familiar function graphs 
from school algebra (e.g. parabolic, linear etc.). Thus, the conversation is a reflection on 
some of the ways in which participants engaged mathematical activity (as shown above). 
The reason for presenting and examining this particular discussion between Hank, Cindy 
and Ava is because it captures many of the ways in which participants shared and 
compared information on the course DB in a single discussion. 
Hank: The rate of change of Distance A with respect to the position of the car is 
equal to the rate of change of Distance B with respect to the position of the car; 
therefore, the two distances have a relationship…this means that a change of one 
unit in Distance A correlates with a change of one unit in Distance B….I feel that 
classifying this graph as a “graph that we know” or not is somewhat subjective.  
Strictly speaking, this graph is not a parabola.  Geometrically, a parabola is a 
collection of points that have the characteristic that they are the same distance 
from a given point as a given straight line. In terms of variation, the graph is not a 
quadratic or a parabola because the distance between the car and city B does not 
vary proportionally with the square of the distance between the car and city A. 
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Ava to Hank: I have never heard the geometric definition of a parabola... or 
maybe I have and its been a long time... anyway, thanks for sharing as it made me 
think about parabolas and gave me a deeper understanding! 
Cindy to Hank: Hank, I thought the way you explained and reasoned your 
answers was very clear and precise. Also in my response, I said I wasn't sure if it 
was correct to say that the rate of change was constant as the car moved. You did 
an excellent job explaining why this is. And what an interesting way to think 
about the graph! 
 
 
In the discussion above, Hank initiated the thread and noted that as the car moves along 
the road, the rate of change of the distances from the car to the cities is equivalent. He 
then suggested that the graphs they examined in the Cities scenarios were not familiar 
graphs. In particular, he noted that the commonality between the graphs they examined in 
the cities scenario and “graphs they knew” were limited to the visual features of the 
graphs. Hank made this explicit by providing a definition for a parabola (“a collective of 
points that have the characteristic that they are the same distance from a given point as a 
given line.”). He used this definition of a parabola as grounds on which he argued that the 
graphs in the city scenarios are not parabolas (“the graph is not a parabola because the 
distance…does not vary proportionally with the square of the distance…”). In response, 
Ava noted that she “never heard the geometric definition of a parabola” and then thanked 
Hank for sharing his thinking. Cindy also responded to Hank’s post, commented on the 
clarity of his explanation (“I thought the way you explained and reasoned your answers 
was very clear and precise”) and then compared his statement about the rate of change to 
her own thinking (“I wasn’t sure if it was correct to say the rate of change was constant”). 
 This conversation illustrates occasions where participants primarily shared and 
compared information when discussing mathematics. Hank initiated the thread with a 
post that provided reasoning for why the notion of a ‘parabola’ could not be used to 
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capture the graphs they worked with in the cities scenario. Ava and Cindy responded and 
shared and/or compared their thinking. Ava appears to have compared her thinking to 
Hank’s when she noted that she never heard of the particular definition of a parabola 
Hank referenced. In this sense, Ava appears to have commented on the comparison of the 
extent of their mathematical knowledge. Cindy’s post was similar as she shared 
information when she seemed to evaluate Hank’s idea (“your explanation was clear and 
precise”) as well as when she appeared to praise Hank’s explanation (“You did an 
excellent job explaining”). Cindy also compared the correctness of her thinking with 
Hank’s when she said, “in my response I wasn’t sure if this was correct…” Taken 
together, while Hank initiated a thread that began a discussion about why the graphs they 
were familiar with (e.g. parabolas, linear) were insufficient for making sense of the cities 
scenario, Ava and Cindy shared and compared information as they praised Hank’s 
explanation, made evaluative comments, compared the correctness of their responses, and 
compared the extent of their mathematical knowledge.  
 The above example illustrates the way in which participants initially responded to 
their colleagues posts when engaging mathematical discussions on the course DB. In 
particular, participants primarily shared and compared information as they shared praise, 
made evaluative comments, compared the correctness of their responses, and compared 
the extent of their mathematical knowledge. 
 Discussion. The way in which participants engaged static shape discourse in this 
study appears to be consistent with the ways in which Moore, Stevens, & Paoletti (2017) 
documented students engaging static shape thinking. Moore et al. (2017) noted static 
shape thinking includes, “thinking in terms of a student operating on a graph as an object 
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in and of itself…and basing her actions on perceptual cues and physical features of a 
graph” (p. 17). Many of the characteristics of this study’s participants’ engagement in 
static shape discourse are consistent with Moore’s conceptualization of static shape 
thinking demonstrated by the previous quote, particularly in regard to the analysis of 
graphs as if they were objects in and of themselves.  
 The class’s engagement in static shape discourse is a less sophisticated approach 
to examining functional scenarios. Moore and colleagues introduced the notion of static 
shape thinking in conjunction with emergent shape thinking, which includes engaging 
covariational analysis to examine the underlying covariation between quantities as means 
to make sense of why graphs have particular visual features. Thus, static shape discourse 
is less sophisticated because it lacks potential for the development of generalizable 
understandings due to the focus on particular scenarios and perceptual cues. The latter 
(emergent shape thinking) is consistent with the goals of the course and is generalizable 
to a variety of problems and contexts.   
 While participation in static shape discourse (e.g. examining the shape of 
function graphs) was an emergent theme in the class’s discourse, there was not evidence 
of its emergence as a classroom social or sociomathematical norm. According to Dean 
(2005), clear evidence for the emergence of norms includes explicit discussion about 
ways of engaging collective mathematical activity and occasions of challenge or conflict 
when a particular way of engaging mathematical activity is violated. Such evidence was 
not observed in teachers’ participation in this initial mathematical activity, therefore 
participation in static shape discourse was a theme in participants’ initial mathematical 
activity and not regarded as a norm.  
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The Emergence Of One Social Norm: Explaining Why  
 As the course progressed, participants began to engage mathematical activity in 
qualitatively different ways than in their initial activity (e.g. engaging static shape 
discourse). In particular, through the analysis of participants mathematics work on the 
course DB and EE, it became apparent that participants began to provide reasons for why 
graphs have particular visual features. The following documents the emergence of the 
way in which participants began to explain why and provides evidence that indicates 
explaining why became a class social norm. The section begins by introducing context for 
most of the examples shown in this section, as the content in the course transitioned from 
the cities scenario to work with trigonometry. Following the introduction of the 
trigonometry activity, the section examines (1) a key shift in participants’ discourse, (2) 
the way in which participant began to explain why when engaging mathematical activity, 
(3) two occasions where participants challenged colleagues to explain why, and (4) 
explicit discussion about explaining why.  
 Introduction to trigonometry. Following work with the cities A & B scenario, 
participants were introduced to a more formal school mathematics topic, namely 
trigonometry. The introduction to trigonometry included working with an applet that 
extends the class’s work with the cities scenario into this more traditional school 
mathematics topic (shown in figure 9).  
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Figure 9: Applet used to introduce the class to trigonometry 		
 The applet extends from the cities work, as participants were able to vary the 
openness of the central angle of the circle shown above dragging the “point” around the 
circumference of the circle. In the context of trigonometry, quantities such as angle 
measurement (e.g. measured as arc length, which is the length along the circumference of 
the circle shown as the curved blue segment) and distances from the point where the 
angle subtends the circumference of the circle to the horizontal axis (shown as the red 
segment above) take the place of the quantities from the cities scenario (e.g. the distance 
from the car to City A & B). In the same way in which the magnitudes of the distances 
from the car to City A and City B are superimposed on the x and y axis, the magnitudes 
of the quantities from the unit circle are superimposed onto the coordinate plane (e.g. the 
arc length is along the x axis while the distance referred to as sin(x) is along the y axis). 
As the central angle in the unit circle increases, tracing the covariation between the arc 
length and distance sin(x) in the coordinate plane will trace out the sine wave. Therefore, 
this context provided the class an opportunity to think about the sine wave as emerging as 
a result of tracking the covariation between quantities. 
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shift in participants discourse was the first time in which participants were observed 
talking about explaining why. The examples shown below were conversation that 
occurred concurrently with the class’s work with the trig activity shown above and were 
in the context of discussing the notion of conceptual conversations (e.g. see A. G. 
Thompson, Philipp, and Thompson (1994)), where the core of a conceptual conversation 
includes focusing on reasons, relationships, concepts, images. The following example 
shows the first key shift in participants discourse as Jessica and Ruby began to 
distinguish publicly between procedures and explaining why: 
Jessica (initial): I think that conceptual conversation would be about your whys. 
It's not about looking at the procedure that you're following and more about why 
you are following this procedure.  This week I still followed a procedure, but I 
feel like it was in response to questions that would come up in a conceptual 
conversation.  I would first ask myself to figure out what was going on in each 
graph, and then I would make my sketch of the position of the cities based upon 
that thought process, and finally testing it.  Last week, I'm not sure that I was as 
good at thinking about why. 
Ruby to Jessica: I agree that conceptual conversation are more about the how do 
you know, than a procedure.  I also think it includes comparing different 
representations or thoughts of others. Even though you followed a procedure in 
the activity, it wasn't memorization of a property or rule, it involved thinking 
about relationships of distance.  There were no calculations, it was all reasoning.  
If someone wasn't sure of how to answer the cities prompts, the conversation that 
could lead to understanding I think would be conceptual. I think you were having 
a conceptual conversation with yourself, when trying to reason through the 
graphs. 
 
 
In the initial post of the thread, Jessica invoked the notion of explaining why and placed 
this in contrast to following procedures, noting that “its more about why you are 
following a procedure.” Jessica also began to describe how this perspective related to her 
work with the Cities scenario. However, her language is vague as she noted, “I would 
first ask myself to figure out what was going on in each graph…” In particular, it is 
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unclear what she meant when she said, “figure it out,” however she concluded her post 
and claimed, “Last week, I’m not sure I was good at thinking about why.” While it is 
unclear the extent to which Jessica shifted her way of engaging mathematical activity, her 
discourse indicates she began to distinguish between procedures and explaining why. 
 In Ruby’s response to Jessica, Ruby agreed with Jessica and revoiced her claim as 
she noted, “conceptual conversations are more about the how do you know, than the 
procedures.” Ruby also appears to have referenced the class’s work with the Cities 
scenario when she noted, “even though you followed a procedure, it wasn’t 
memorization, it involved thinking about relationships.” In this sense, it appears that 
Ruby distinguished memorization and relationships. Therefore, this example shows the 
first time in the course where reflections regarding the difference between following 
procedures and explaining why/examining relationships became public.  
 While the previous example showed an occasion where participants distinguished 
broadly between procedures and explaining why, the next example is an instance where a 
participant was explicit about explaining why in the context of the class’s work with the 
Cities scenario. Consider Riley’s post to the course DB: 
Instead of trying to figure out a specific function that could be used to describe 
the graph...I could focus on why the graph was the shape that it was by describing 
in detail the relationship of the distances between the cities. 
In this post, Riley claimed that instead of categorizing functions according to shape, she 
could examine relationships to explain, “why the graph was the shape that it was.” Thus, 
Riley was specific about how she could change her orientation towards examining 
functions.   
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 Up to this point in the course, the class’s mathematical activity was consistent 
with static shape discourse (e.g. examining the visual features of function graphs); 
however participants’ collective reflection on their mathematics work indicated a shift 
towards talking about explaining why function graphs look particular ways. The 
discussion between Jessica and Ruby began to distinguish between procedures and 
explaining why, while Riley’s post a case where a participant explicitly talked about 
beginning to examine function graphs by explaining why. While up to this point in the 
course participants were not observed engaging mathematical activity by explaining why 
graphs look a particular way, this shift in discourse discussed above indicated that they 
began to consider changing their orientation towards the analysis of functions in a new 
way.  
 Explaining why graphs look a particular way. This section shows how 
participants began to explain why function graphs look a particular way in their 
mathematical explanations when working in the context of the trigonometry activity 
discussed above. The analysis uncovered that 18 of 21 participants developed 
explanations that explained why. The examples shown below illustrate different levels of 
sophistication with which participants initially began explaining why. The first example 
is Riley’s explanation in which she focused on quantities from the Unit Circle (shown 
above in figure 9 above) to explain why the sine graph has waves that reach a constant 
height.   
I believe the graph looks the way it does because the range is restricted by the 
radius of the circle. I was looking at a unit circle and I knew that the range for 
sin(x) is -1<x<1. It matches the radius, so I thought it might have something to do 
with that. Also, the radius is the hypotenuse of the triangle, which is in the ratio of 
sine, which relates the sides together (opposite/hypotenuse). That is why the graph 
stays at a constant height in its waves.  
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 Riley initially noted that the reason the sine graph has a particular look was 
because the “range is restricted by the radius of the circle.” She then further explained her 
reasoning, where she mentions that the range of sine (-1<x< 1) “matches the radius.” She 
also made a comparison between the radius and the “hypotenuse of the triangle.” Riley 
then concluded her explanation by noting that this is “why the graphs stays at a constant 
height.” 
 It appears that Riley was examining quantities from the Unit Circle as a means to 
explain why the sine graph has certain visual features (i.e. the constant height of the 
waves of a sine graph). She explicitly referred to a quantity, namely the “radius of the 
circle” and how that “matches” the range of sine. In this sense, she appears to have 
referred to two different objects, one in which is a quantity from the unit circle (the 
radius) and the other in which describes a feature of the sine graph (the range). She 
continued to note that since the radius of the circle is a fixed length, the height of a sine 
wave could only reach the particular length of the radius. In this sense, she appears to be 
arguing that the reason why the waves of the sine graph have a constant height is because 
the radius in the unit circle has a fixed length.  
 While the constant length of a radius of a circle is, in fact, the reason why the 
‘waves’ of a sine graph have a constant height, the explanation did not emphasize 
variation and was less sophisticated. In particular, Riley’s reasoning was not consistent 
with the way in which an expert would explain why the graph has this shape as she 
focused on a specific visual feature of the graph. An expert would focus on the 
covariation between the quantities in the scenario (the arc length and distance from the 
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circumference of the circle to the horizontal axis [shown above in figure 9]) and engage 
covariational analysis to explain the behavior of the function over a particular interval.  
 The above example showed the way in which Riley explained why, as she 
examined quantities from the unit circle to provide reasons for why the sine graph has a 
particular visual features. Riley’s explanation of why was considered less sophisticated 
because it did not emphasize variation. However, it is significant that she appeared to be 
using quantities from the Unit Circle (e.g. the length of the radius) as a way to explain 
why the graph looks a particular way rather than focusing on the visual features of the 
graph itself. Moreover, it is important to highlight that Riley explicitly noted that she 
explained why the graph has a particular visual feature (“a constant height.”), indicating 
her intention to explain why. 
 The next example illustrates a more sophisticated approach to explaining why. In 
particular, Shawn’s explanation below is an example of a participant emphasizing the 
variation of quantities as a means to explain why.  
Shawn: When x increases from 0 to 2 pi, or one rotation of the circle, sin (x) 
increases from 0 to 1, then decreases from 1 to -1, then increases back up to 0. 
Lets break it down further: as x increases from 0 to pi/2 radians, meaning the 
second ray has made a quarter turn around the circle, the vertical line drawn to the 
x axis keeps increasing until it reaches its maximum of one, as the second ray and 
the vertical line are the same segment.  As x increases from pi/2 to pi, the vertical 
line drawn decreases in length as the second ray gets closer to the x axis until the 
second ray hits the x axis which results in no vertical line at all, which is why sin 
x goes back to 0.  Then the second ray enters the third and fourth quadrant 
resulting in negative values for sin x as the vertical line needs to be drawn 
upwards towards the x axis until it goes back to 0 again once the second ray has 
rotated completely around the circle and is once again located on top of the first 
ray. This behavior repeats as you continue going around the circle, which is why 
the graph is periodic. 
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 In this explanation, Shawn focused on the variation of x and the “vertical line 
drawn to the x-axis.” He began by noting, “x increases from 0 to 2pi.” “0” and “2pi” are 
angle measurements, therefore he is indicating that the angle, x, increases between these 
two values. As he described the change in the angle measurement, he initially talked 
about the pattern of change of sin(x) from “0 to 1, then decreases…” Following this, he 
described the meaning of an angle, x, which he referred to as the amount of rotation of 
the second ray and then he coordinated the variation of the angle with change in the 
vertical line drawn to the x-axis. Shawn described this change for each of the ‘quadrants.’ 
He concluded his explanation by noting that this “is why the graph is periodic.”  
 Shawn’s explanation was more sophisticated as he emphasized variation. He used 
language such as “when x increases,” “the second ray has made a quarter turn,” and “the 
vertical line keeps increasing.” Moreover, Shawn’s analysis coordinated the variation 
between “x” and the “vertical line” and focused on the pattern of change as x increases 
“around the circle.” In particular, he noted, “as x increases from 0 to pi/2 radians, 
meaning the second ray has made a quarter turn around the circle, the vertical line drawn 
to the x axis keeps increasing until it reaches its maximum of one…” In addition, Shawn 
appears to be examining the change in the angle in the unit circle and corresponding 
change in the distance from the point where the angle subtends the circumference of the 
circle to the horizontal axis (the red segment in the circle shown above in figure 9). Since 
he suggested that this was why the graph was periodic, it seems that he is examining the 
two varying quantities from the unit circle as a means to explain why the graph of sine 
has a particular visual property.  
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 Taken together, both participants indicated that they were explaining why the 
graph has a particular look. Riley explicitly suggested that she explained why the graph 
has a ‘look,’ while Shawn noted the explanation was a reason for why the graph was 
periodic. While it less clear if periodicity is a visual feature to Shawn, it is likely that 
Shawn was referring to the ‘up and down’ motion of the sine function. In regard to the 
way in which they explained why, Shawn explanation was more sophisticated, as he 
emphasized variation. Riley’s was less sophisticated, as she focused on a particular 
property of the unit circle (the fixed length of the radius) and used this as means to 
explain why the sine graph has a particular property (constant height). Nevertheless, 
Shawn and Riley both examined quantities from the unit circle in order to develop 
reasons for why the graph of sine has a particular look. Thus, explaining why is regarded 
as the way in which participants provided reasons for why graphs have particular visual 
features.  
 An occasion of challenge. Explaining why function graphs look a particular way 
was an emergent theme in the ways in which participants began to examine functional 
relationships, however there were cases in which participants did not provide reasons for 
why graphs have particular visual properties. This section examines two interactions 
where participants challenge colleagues whose explanations do not appear to explain why 
in the ways in which the class was beginning to explain why.  
 This first case is an interaction between Paul and Nina, where Paul gave Nina 
feedback on her work scaffolded by the EE. Consider Nina’s response to the prompt 
“Explain why the graph of y=sin(x) looks the way it does.” 
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Nina: This graph appears as it does because of the Unit Circle. Essentially as the 
values of sin (x) make their way around the circle, they start again at zero.  
In her response, Nina explicitly noted, “This graph appears as it does…” She then notes 
that the reason is because of the “Unit Circle.” She further explained, “as the values of sin 
(x) make their way around the circle, they start again at zero.” 
 In this explanation, Nina appears to have made an attempt to explain a reason; 
however there is no detail and her description lacks focus on quantities. Her reference to 
the Unit Circle and description of the “values making their way around the circle” appear 
to be characteristics of static shape discourse (e.g. focusing on the visual features of 
function graphs) because The Unit Circle is a perceptual object and her description of 
motion appears to be similar to describing slope as a movement in a particular direction. 
Moreover, in comparison to Riley and Shawn’s explanations, Nina did not appear to be 
examining the unit circle as means to explain why sine has particular visual features (i.e. 
constant height in waves or periodic). Thus, from my perspective, this explanation is not 
consistent with explaining why, as it does not explain why sine has a particular look. 
 Paul analyzed Nina’s response mediated by the EE and then gave Nina feedback 
that challenged her to refine her mathematical explanation. A portion of Paul’s feedback 
is provided below: 
Paul’s selection from Nina’s work: You wrote: This graph appears as it does 
because of the Unit Circle. Essentially as the values of sin(x) make their way 
around the circle, they start again at zero. 
Paul’s comment to Nina: ...and I wonder... if you could elaborate on this concept 
more. Why do the values start again at zero? Why does the graph have hills and 
valleys? 
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Using the selection tool of the EE, Paul highlighted an aspect of Nina’s work that, as 
discussed above, did not appear to explain why the sine graph looks a particular way. In 
Paul’s feedback to Nina, he pushed Nina to explain why: “Why do the values start again 
at zero?” “Why does the graph have hills and valleys?” The first ‘why question’ asked 
Nina for more detail regarding something she explicitly said in her solution. The second 
‘why question’ explicitly pushed Nina to explain why the graph has particular visual 
features (“hills and valleys”).  
 Taken together, it appears that this is an example of challenge from Paul to Nina, 
where the intention of the challenge was to push Nina to explain why the graph looks a 
particular way. This suggests that Paul might have interpreted Nina’s explanation as a 
violation of explaining why. 
 This interaction between Paul and Nina was not an isolated occasion. There were 
six other instances where participants challenged colleagues to explain why. The next 
example illustrates an occasion where Kylie talks about the behavior of y=sin(7x), and 
appears to talk about the symbolic representation of the function to make sense of the 
function’s behavior. 
 For example, consider Kylie’s explanation of the behavior of the function 
y=sin(7x):  
Kylie: Since this is a case of 7x as the input, it varies 7 times as fast as x does. So 
in the domain of – π to π we can see it varies from -7 π to 7 π. This means it 
repeats 7 times, or creates 7 full waveforms, during the period in question.  
 
In this example, Kylie referred to the “input” and indicated it varies “7 times as fast as x.” 
She then suggested that since the input will vary 7 times as fast “it” varies between -7 π 
to 7 π. She used this as a reason for why “it” repeats seven times or creates seven waves.  
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 In her explanation, Kylie appears to initially have focused on the symbolic 
representation of the function to talk about an increase in the rate of variation (“7 times as 
fast”). Then she shifted focus to talk about the domain of the function as she mentioned 
“it” several times. She first used “it” in the context of talking about variation between 7pi 
to 7pi and then in the context of something repeating seven times. However, since she 
appears to suggest “it repeats” and “creates seven full waveforms” are the same thing 
with her use of the word “or” it seems that she is focusing on the visual feature of the sine 
graph to provide a reason for why it has these visual features. 
 In comparison to Riley and Shawn’s explanations, Kylie does not focus on 
quantities or variation of quantities to make sense of the reason why this graph has “7 full 
waveforms.” Similar to Nina’s, Kylie appears to have made an attempt to explain why, 
however she used the symbolic representation of the function and the graph itself to 
provide her reason for the shape. Thus, from my perspective this is a violation of the 
emerging theme in participants’ way of examining functions.  
 The following transcript presents the feedback Hank developed scaffolded by the 
EE and sent to Kylie.  
Hank’s selection from Kylie’s work: You wrote: This means it repeats 7 times, 
or creates 7 full waveforms, during the period in question.  
Hank’s comment to Kylie: ...and I thought... The correlation between the 7 in 
the input variable and the 7 times the graph repeats is a good characteristic to 
notice. Perhaps you could go into a bit more detail about why this is the case.  
 
 
Hank selected the aspect of Kylie’s explanation that mentioned the visual feature of the 
graph (…“it creates 7 full waveforms…”). In his response, Hank initially referred to the 
first part of Kylie’s solution where she mentioned the symbolic representation of the 
function and then he noted that she should “go into a bit more detail about why this is the 
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case.” It appears that Hank first interpreted Kylie’s explanation as arguing that the reason 
for the graph’s look is the symbolic representation of the function since Hank’s comment 
began by noting that the relationship between the symbolic representation of the function 
and the look of the graph was worthwhile to notice. Then he challenged Kylie to further 
refine her work to explain why there is a relationship between the symbolic 
representation of the function and visual feature of the sine graph.  
 This interaction between Hank and Kylie is consistent with the one between Paul 
and Nina, as they both appeared to include examples of participants’ violation of 
explaining why and corresponding challenge to refine the mathematical explanation to 
include a focus on why the graph has a particular look. Paul and Hank highlighted aspects 
of their colleagues’ explanations that focused on perceptual objects. Paul focused on 
Nina’s reference of the Unit Circe, while Hank focused on Kylie’s reference of “7 full 
waveforms.” Paul and Hank also made comments that challenged their colleagues to 
refine their mathematics work and explain why. Paul was specific about what to focus on 
(“Hills and Valleys”), while Hank revoiced Kylie’s statement and then referenced this as 
a place in which she should refine her explanation of why.  
 Taken together, there was an emerging theme in the class’s mathematical 
explanations, namely explaining why graphs have particular visual features. In addition, 
there were occasions in which participants developed explanations that did not explain 
why the function graph looks a particular way. In seven of these cases, the author was 
challenged to explain why the graph has a particular look. Since challenges to engage 
mathematics in a particular way are taken as robust evidence for the emergence of norms 
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(Dean, 2005), at this point of the analysis it was conjectured that explaining why 
functions have a particular look was an emerging social norm amongst the collective.  
 Collective reflection. While the analysis of participants’ mathematical activity 
resulted in a conjecture regarding the emergence of explaining why as a social norm, 
participants also collectively reflected upon and explicitly discussed their mathematical 
activity. Examination of participants’ discussions on the course DB uncovered 
conversations that indicated participants’ emerging value for explaining why. For 
example, analysis uncovered three threads in which participants engaged discussion that 
indicated an emerging value for explaining why. 
Consider one of these threads initiated by Nina, where she reflected on her work 
with examining the sine function.  
Nina (initial): Looking at the function of sinx is something I have done more 
times than I can count. However, when answering questions of this nature as 
related to the sine function was something new. I was able to step back and look 
at sine more abstractly. Instead of telling you that it crosses 0 at these points, and 
equals 1 at these points, I had to look at WHY [emphasis not added by the 
researcher] it did this…I found that for so long, I knew how to answer questions 
on sin(x) but I really did not have a full understanding as to why. 
 
In this post, Nina makes explicit that she was beginning to examine why sine has 
particular features (“I had to look at WHY…”) and appears to suggest that this approach 
to examining the sine function is something new for her (“I found that for so long, I know 
how…”). In response to this post, Ava noted that she had similar experiences with the 
‘why’ and says,  
Ava to Nina: I know about sine functions, but never considered the why or 
reasoning before. Now I want to understand and be able to explain not just do. 
 
Cindy agreed with Nina and Ava and claimed:  
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Cindy to Ava: It was very difficult for me to see the whys of this week's activity 
initially. The last time I encountered trigonometry was in high school, and I only 
remembered...SOH CAH TOA. After discovering what it is that we were trying to 
find, I realized how much more valuable my learning experience was this time 
around.  
 In this post, Cindy indicated she had difficulty with ‘the whys’ and suggested that 
past experiences with trig included SOH CAH TOA. Cindy also noted that once realizing 
“what it is we were trying to find” her learning experiences were much more valuable.  
 One aspect of the above discussion to notice is that each participant suggested that 
previous experiences with trigonometry were less focused on understanding why the 
functions behave in particular ways. For example, Cindy mentioned SOH CAH TOA, a 
pneumonic device for remembering a set of procedures to define trigonometric ratios, 
while Ava explicitly noted that she “never considered the why…”. As they compared past 
experiences with activities in this course, participants highlighted a shift in their 
orientation towards engaging mathematical activity, which emphasized understanding 
underlying relationships and the ‘why.’ For example, Nina notes, “I had to look at WHY 
it did this…” In addition, Cindy also expressed a value of this approach to examining 
functions as she noted, “I realized how much more valuable my learning experience was 
this time around.” In this way, the above discussion is interpreted as a case where 
participants expressed a change in the orientation of their analysis of functions as well as 
an emerging value for explaining why. 
 Summary. Taken together, this section showed (1) an emergent theme in the 
ways in which participants began to explain why graphs have particular visual features, 
(2) occasions of challenge when participants developed responses that were not 
consistent with the emergent theme in the class’s mathematical activity, and (3) an 
occasion where participants explicitly discussed their value of explaining why. To this 
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end, explaining why appeared to be more than just a theme in participants’ mathematical 
discourse as participants challenged colleagues to explain why and there was explicit 
discussion around explaining why, two robust forms of evidence that indicate a particular 
way of engaging course activity became normative (Dean, 2005). Thus, there is evidence 
that explaining why was the class’s social norm9 for developing mathematical 
explanations that provide reasons for why graphs look a particular way.  
 Discussion.  The class’s participation in the social norm explaining why appears 
to be consistent with the notion of explaining the logical necessity, a more sophisticated 
way of mathematical reasoning. For example, consider the notion of the logical necessity 
discussed by Simon et al. (2010): “Logical necessity refers to the understanding that the 
nature of actions must lead to a particular outcome” (p. 74). The examination of Riley 
and Shawn’s solutions illustrated their engaging the logical necessity. For example, to an 
extent, Shawn explained the logical necessity when he noted, “as x increases from 0 to 
pi/2 radians, meaning the second ray has made a quarter turn around the circle, the 
vertical line drawn to the x axis keeps increasing until it reaches its maximum of one…” 
In this case, Shawn used the context of the unit circle as a means to explain “the nature of 
actions” that leads to the outcome of “x increases from 0 to pi/2 radians.” More generally, 
the above analysis indicated that participants began to provide reasons for why graphs 
look a particular way, suggesting that participants began to move beyond perceptual 
features of graphs and grapple with the logical necessity. The consistency between 
																																																								
9 The reason this is a social norm is because the notion of explaining why could be generalized to other 
contexts besides mathematics, which is the distinguishing factor between social and sociomathematical 
norms (Cobb et al., 2001). 	
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participants’ social norm and the logical necessity indicates that explaining why was a 
more sophisticated way of developing mathematical explanations.  
 In relationship to the goals of the course, explaining why is also evidence of 
movement along a trajectory from participants’ initial mathematical activity (static shape 
discourse) to engaging covariational analysis (the goal of the course). In particular, the 
class’s participation in explaining why was a shift beyond engaging static shape 
discourse because rather than focusing explicitly on perceptual objects (e.g. the shape of 
a graph), participants began to provide reasons for why graphs have particular perceptual 
features (e.g. a constant height, waves, etc.). Since covariational analysis is, itself, a 
particular way in which one could provide reasons for why a graph looks a particular way 
it is reasonable to conjecture that explaining why is one step along a pathway to engaging 
covariational analysis. 
The Emergence Of A Sociomathematical Norm: Emergent Shape Discourse 	
 This section examines a shift in participants’ mathematical activity. Through 
analysis of participants’ mathematics work in the online PD course, I began to observe a 
commonality in how participants were explaining why graphs have particular visual 
features. In particular, participants began to engage emergent shape discourse, that is 
they began to engage covariational analysis to explain why graphs have a particular look 
and there is evidence that emerging shape discourse became a class sociomathematical 
norm. In order to show how the class’s engagement in covariational analysis to explain 
why graphs have particular looks emerged, the following (1) introduces a key shift in 
participants’ discourse, (2) presents examples of the way in which participants began to 
engage covariational analysis, (3) examines occasions where participants challenged 
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colleagues to engage covariational analysis, and (4) illustrates participants explicitly 
discussing the importance of engaging covariational analysis.  
 A key shift. This section examines a key shift in participants’ discourse to show 
the first time in which the notion of engaging covariational analysis to explain why 
graphs have particular looks became public on the course DB. This shift occurred when 
participants were discussing on the week-four DB the class’s upcoming quiz. As noted in 
chapter six, the instructor was particularly active on the week four DB as he frequently 
asked participants to further explain why. In one case, the instructor initiated a key shift 
in the class’s discourse as he pushed a participant beyond just explaining why, rather 
pushed a participants to engage covariational analysis to explain why. Consider the 
following interaction where Ava initiated the thread and then the Instructor responded to 
Ava’s post: 
Ava (initial): Please let me know what you think and ask questions on my 
thoughts: cos(2x) – 2 graphs in period 0 - 2(pi); period of 1 graph is ½ as long as 
cos(x). cos(4x) – 4 graphs in period 0 - 2(pi) 
Instructor to Ava: Ava, first, a quick glance at your submission says it is 
absolutely correct. But, there are different kinds of correct -- one thing we want to 
push is for you to be able to explain WHY cos(2x) – 2 graphs in period 0 - 2(pi). 
“(1) ‘I’ remember if its cos(ax) and a > 1, the period will be 1/a as long as cosx; 
(2) I looked at the graph and saw there were 2 graphs in the period 0 to 2pi; (3) I 
examined the covariation. Either of these perspectives provides insight into WHY 
the period was 1/2 as long. And, of course, I'd like to hear you describe from the 
third perspective.”  
 
 
In Ava’s initial post shown above, Ava focused on the relationship between the symbolic 
representation of the function (“cos(2x)”) and the visual features of the corresponding 
graph (“2-graphs”). When Ava noted “cos(2x) – 2 graphs in period 0-2(pi),” this 
appeared to be a case where Ava was describing that when the ‘a’ in cos(ax) is 2, the 
function will have 2 ‘graphs’ or will complete two cycles of values. In response to this 
	 		 133	
post, the Instructor pushed Ava to explain why, and explained three ways in which one 
could make sense of the periodic nature of functions. For example, he noted “(1) ‘I’ 
remember…,” suggesting that one approach is to memorize a rule. As for the third way, 
the Instructor suggested examining the covariation. Moreover, he explicitly noted that 
examining the covariation is the desirable way in which to explain why.  
 In this sense, similar to Kylie’s explanation discussed in the previous section, 
Ava’s explanation appears to have violated explaining why, the class’s social norm 
because it examines the symbolic representation of the function to provide reasons for 
visual features of the graph. In particular, when referring to ‘2 graphs’ she seemed to be 
talking about what she was seeing in the coordinate plane. In response, the instructor 
appears to push Ava to explain why by engaging covariational analysis. In this way, this 
interaction between Ava and the instructor illustrates the first occasion where engaging 
covariational analysis to explain why became public on the course DB.  
 Covariational analysis to explain why graphs have a particular look. While 
the shift in discourse presented above occurred in week four, it was not until weeks five 
and six that participants began to consistently engage covariational analysis in their 
mathematical explanations. Thus, this section will show the ways in which participants 
began to engage such explanations in their mathematics work.  
 The two examples shown below are around an activity that asked participants to 
make sense of the behavior of a trig function, namely y=sin(x^2) (a graph of the function 
is shown in figure 10) as well as a quadratic function. Analysis of participants work with 
this task uncovered that participants began to coordinate change between variables and/or 
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quantities, which is a key aspect of engaging covariational analysis. Consider a 
representative example shown in Hank’s examination of sin(x^2). 
	
Figure 10: The graph of y=sin(x^2) 		
Hank: As we have discussed in previous weeks, the variable sin(x) increases and 
decreases periodically as the variable x increases.  The variable reaches a 
maximum of 1 whenever x reaches a value of (4n+1)*pi/2, reaches a minimum of 
-1 whenever x reaches a value of (4n+3)*pi/2, and reaches a value of 0 whenever 
x reaches a value of n*pi, where n is any integer. The variable sin(x^2) can take 
on the same values as sin(x).  When x reaches a value of 0, the variable x^2 is 
also equal to zero, and sin(x^2) is equal to zero as well.  As x increases, x^2 also 
increases, and sin(x^2) increases until x^2 reaches a value of pi/2 (when x = 
(pi/2)^0.5)  As x continues to increase, sin(x^2) decreases to a minimum when 
x^2 reaches a value of 3pi/2 (when x = (3pi/2)^0.5).  As x continues to increase, 
x^2 increases at a faster and faster rate, which means that sin(x^2) increases and 
decreases at a faster and faster rate. This is shown in the graph; the graph 
“travels” up and down at an increasing rate with respect to x.   
 
 
Hank began his explanation by giving an overview of the behavior of sin(x). He 
developed an expression to determine values where x reaches its maximum of 1 and 
minimum of -1. Hank then began to talk about the variation of x, sin(x) and sin(x^2) in 
close proximity to one another. For example, he noted “As x increases, x^2 also 
increases, and sin(x^2) increases until x^2 reaches a value of pi/2 (when x = (pi/2)^0.5).” 
In other words, he talked about the changing x value in relationship to a changing x^2 
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and sin(x^2) value. Moreover, he placed a limit on the interval with which sin(x^2) will 
increase when he explained that sin(x^2) increased as x^2 increases to pi/2. He continued 
to explain that as x increases, x^2 increases at a faster rate, which has an impact on the 
way in which sin(x^2) varies. He concluded, “this is shown in the graph; the graph travels 
up and down at an increasing rate.” 
 First, Hank does not reference the unit circle, angle measurement, or lengths from 
the subtended arc to the horizontal axis. However, there was discussion in the course 
regarding leaving these details out once a certain level of proficiency was achieved in 
talking about the quantities. Nevertheless, Hank’s explanation coordinated change 
between, x, x^2 and sin(x^2) when he noted “as x increases….x^2 also increase…and 
sin(x^2) increases…” This is evidence that he focused on how the change in x 
corresponded to a change in x^2 which corresponded to a change in sin(x^2). Carlson et 
al. (2002) developed a framework for making sense of how learners engage covariational 
analysis in which one of the key aspects is coordinating change between changing 
quantities. Thus, there is evidence that Hank was engaging covariational analysis in his 
explanation. Because he concluded his explanation by saying, “this is shown in the graph; 
the graph travels up and down at an increasing rate…” it appears that his motivation for 
engaging covariational analysis was to explain why the graph has a particular look. 
 While this example was in the context of examining a trigonometric function, 
participants also examined a quadratic function in the week 5/6 tasks. To support 
engaging covariational analysis to make sense of the behavior of the quadratic function, 
the applet (see Figure 11) was provided to the class. In this applet, participants could drag 
the side length of the square on the right hand side, which corresponded to an increase in 
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the area of the square. Consistent with the cities work and trig functions work, the 
magnitude of the square’s side length is superimposed on the coordinate plane (shown as 
the blue segment x on the left side of the diagram) and the magnitude of the area of the 
square is represented as a distance above the horizontal axis (shown by the dotted line). 
Tracking the covariation between these two quantities is one way to think about the graph 
of a parabola as emerging as a result of tracking covariation between two quantities (e.g. 
a side length and the of a square with that side length).  
	
Figure 11: Quantities and Quadratics 		
 In Rose’s response to this task, she first talked about the quantities in the scenario 
and then appeared to engage covariational analysis to make sense of the relationship 
between quantities. Consider Rose’s initial response to the task: 
Rose: In the first functional relationship, we observe a square with a length x and 
its area. Let's begin by starting with what we know about a square and its sides. 
We know that a square is four sided figure or quadrilateral; the length of the sides 
of a square are equal and meet at 90 degree angles by definition of a square. We 
also know that the area of any polygon is the region encompassed by that 
polygon. That being said, we can say that as quantity 1 (a length x) varies, the 
length of all the sides of the square also varies. Hence, as x increases the region 
encompassed by the sides or the area also increases and as x decreases the area 
decreases until it reaches 0. From our graph we see that the area of the square is 
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dependent upon the length of the side of x and is equal to the square of the sides. 
Meaning the sides of a square and its area have a quadratic relationship.  
 
 
 Rose began her explanation with a focus on the quantities, namely the length of a 
side and the area: “we observe a square with a length x and its area…” Then she 
discussed how the quantities vary, as she talked about the change in the length x and the 
variation of all of the sides. She then noted that as the side increases the region inside the 
four side lengths (the area) increases or decreases until reaching 0. Then she referred to 
the graph and explained that there is a quadratic relationship between the side x and the 
area.  
 In this example, Rose clearly defines the quantities in the scenario and then 
coordinated change between the quantities. In particular, Rose coordinated change 
between the quantities when she noted, “as x increases, the region encompassed by the 
sides or the area also increases.” Since she already defined x as representing the side 
length of the square, it appears that she is coordinating change between two varying 
quantities. She also used a particular interval to explain this change as she noted, “the 
area decreases until it reaches 0.” Thus, Rose also appears to have engaged covariational 
analysis to develop this explanation.     
 In looking across Hank and Rose’s explanations, it is evident that both 
participants coordinated change between changing variables. Hank coordinated change 
between x, x^2 and sin(x^2) while Rose coordinated change between a side length and 
the area of a square. Hank and Rose also used particular intervals to talk about the 
change. Rose appears to have focused on 0 to infinity, while Hank used the minimum and 
maximum values of sin(x^2) to define the intervals. One difference between the 
	 		 138	
explanations was that Rose focused more explicitly on the quantities, while Hank used 
shorthand for referring to quantities from the unit circle. The reason for Hank’s use of 
shorthand could have been because the class was beginning to take as shared that when 
talking about trig functions the variables x and y refer to quantities from the unit circle, as 
there was explicit discussion in the course (not shown) in regard the point at which it was 
acceptable to talk about x and y in place of more exhaustive explanations that reference 
quantities every time. In this sense, the class began to engage emergent shape discourse, 
as they engaged covariational analysis to coordinate change between quantities and 
explained this change between particular intervals of a function (the reason for this name 
is further discussed at the conclusion of this section). 
 Occasions of challenge to engage covariational analysis to explain why. While 
emergent shape discourse was a theme in participants’ mathematical discourse, there 
were occasions of challenge when participants did not engage covariational analysis to 
explain why the graph has a particular look. In particular, during weeks five and six of 
the course, participants challenged colleagues 11 times to engage covariational analysis 
to explain why a function graph looks a particular way. The following examines one of 
these cases in which Summer developed an explanation of y=sin(x^2) that did not engage 
covariational analysis and Cindy provided Summer feedback mediated by the EE to 
engage covariational analysis. First, consider Summer’s explanation that does not engage 
covariational analysis:  
Summer: So the first thing I decided to do was to graph both of these functions in 
the graphing calculator and get an idea of what they looked like. Between -2 and 
2, there is something interesting going on with the graph, and it’s not like the 
usual sine function we see. The graph looks like an “m” shape at that interval, and 
I believe it’s because of the ratio of the opposite side over the hypotenuse 
(radius), because on the positive side both signs are positive the graph will stay 
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above the x-axis, but then on the negative side because both signs will be negative 
the result will be positive therefore staying above the x-axis. Also as the x values 
get farther away from the origin the graph waves get closer and closer together, 
and I believe this is because of the x2 part, the inputs are getting so large so fast 
that the graph needs to “move” faster making there be more waves per period.  
 
 
Summer first noted that she graphed the function in order to see “what it looked like.” 
Following this she explained, “the graph looks like an ‘m’ shape.” Summer also provided 
a reason for why this is the case, “because of the ratio of the opposite side over the 
hypotenuse.” After this explanation of why the graph has an ‘m’ shape, she discussed 
further behavior of the “waves:” “as the x values get farther away from the origin the 
graph waves get closer and closer together…” Summer also provided a reason for this 
behavior as she related it to the symbolic representation of the function (“I believe this is 
because of the x^2 part”).  
 In this explanation, Summer explained why. First, in two separate cases she 
referenced a particular visual feature of the graph (the “m” shape, and the fact that the 
waves get “closer and closer together”). Consistent with the social norm, she provided 
reasons for why the graph has these particular shapes (e.g. when she discussed “the ratio 
of the opposite side over the hypotenuse”). However, in comparison to Hank and Rose’s 
explanations, Summer did not engage emergent shape discourse, as she did not engage 
covariational analysis to coordinate change between two varying quantities. Thus, the 
difference between these explanations lies in the way in which participants provided 
reasons for why function graphs have particular looks. Therefore, from my perspective, 
Summer’s explanation was not consistent with emergent shape discourse. 
  Cindy analyzed Summer’s explanation mediated by the EE. In doing so, Cindy 
‘selected’ an aspect of Summer’s solution discussed above and then develops a comment 
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that pushed Summer to engage covariational analysis to explain why the graph has a 
particular look. Consider Cindy’s selection and corresponding comment: 
 (Cindy’s selection from Summer’s work) You wrote: As the x-values get 
farther away from the origin the graph waves get closer and closer together 
 (Cindy’s comment to Summer) ...and I wondered... if you can explain this using 
the relationship and covariation between the underlying quantities instead of just 
describing what the graph looks like. It seems like the completion of one period is 
happening faster and faster as x increases. 
 
 
Using the selection tool, Cindy highlighted an aspect of Summer’s work where 
Summer referenced a visual feature of the function’s graph, namely the “waves get closer 
and closer together.” In Cindy’s comment, she noted, “…I wonder … if you can explain 
this using the covariation between the underlying quantities instead of just describing 
what the graph looks like.” In this statement, Cindy explicitly called out that Summer 
focused on the visual features of the graph and then pushed her to engage covariational 
analysis. In this way, Cindy challenged Summer to refine her mathematical explanation 
to include a particular approach to explaining why the graph has a particular look.  
 It is worth highlighting that a more sophisticated response from Cindy might have 
highlighted Summer’s reasons for why the graph waves got closer and closer together 
and then asked a similar question. In this way, Cindy could have acknowledged that 
Summer did, in fact, provide a reason for why the graph had a particular look, however 
the way in which she provided this reason was inconsistent with what was becoming 
expected by the class. Nevertheless, Cindy’s challenge was more than a challenge to 
participate in explaining why because it explicitly pushed Summer to explain why in a 
particular way, namely by engaging covariational analysis. 
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 Taken together, participants began to engage emergent shape discourse (e.g. 
engaging covariational analysis by coordinating change between quantities, focusing 
specific intervals). When comparing Summer’s response to emergent shape discourse, 
the inconsistency in the way of examining the behavior of functions was in how 
participants explained why. Since Cindy challenged Summer to engage covariational 
analysis to explain why the graph “gets closer together,” there is evidence that Cindy 
began to consider engaging covariational analysis to explain why as the expected 
approach to making sense of functions. Therefore, the above example indicates that 
emerging shape discourse was beginning to emerge as a sociomathematical norm for 
examining why function graphs look a particular way. The reason why emergent shape 
discourse is conjectured to have been a sociomathematical norm is because it included a 
mathematically specific criterion for explaining why (Cobb et al., 2001). In particular, 
that criterion was how a class participant should explain why a graph looks the way it 
does. 
 Collective reflection. While the previous sections examined participants’ 
mathematical activity, providing evidence that emergent shape discourse was becoming a 
sociomathematical norm, this section examines the ways in which participants 
collectively reflected on their mathematical activity. In particular, the following 
illustrates occasions where participants explicitly talk about the importance of 
covariational analysis to provide reasons for why graphs look a particular way.  
 For example, consider the following occasion where a participant raised 
covariational analysis as a topic for discussion, as Paul initiated a thread and then Chloe 
responded. 
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Paul (initial): I am gaining a greater appreciation as to why we are focusing so 
heavily on covariation - the fact that we need to talk about covariation in order to 
be able to get at the ‘why.’  
Chloe to Paul: I am also gaining a greater appreciation for these ideas of 
covariation because prior to these activities, I would only be able to explain the 
different properties of the sine function and not why these properties are true…  
 
 
In this case, Paul suggested that covariation is one way in which to explain “why” (“we 
need to talk about covariation in order to be able to get at the ‘why’”). In her response, 
Chloe agreed with Paul and related this idea to the more specific case of trigonometry 
and the properties of the sine function.  
 At this point of the course, there was evidence that explaining why was a class 
social norm. In the above quote by Paul, where he place quotations around the word 
“why”, it appears that he might have been referring to the class’s collective approach to 
developing mathematical explanations. This is because Paul began to use the word “why” 
as a noun in this example, where he appeared to refer the “why” as if it were a thing. 
Moreover, he explicitly connected the notion of engaging covariational analysis to the 
“why”. In this sense, it appears that Paul might have been expressing a value of 
covariational analysis because it was useful for developing explanations of why. In 
Chloe’s response, she appears to agree with Paul, as she appears to suggest that engaging 
covariational analysis has provided her with an approach to making sense of why, for 
example, sine has particular “properties.” Therefore, this is one case in which participants 
appeared to express an emerging value for engaging covariational analysis to explain 
why.  
 In addition to the above interaction between Paul and Chloe, participants were 
observed explicitly discussing covariational analysis on the week six DB. 
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Melody (initial): Covariation helps go beyond ‘what is happening’ to ‘why it is 
happening.’ It gives us a structured way to examine our variables and understand 
their relationships to one another. This structure enables us to break down 
complicated graphs, and observe smaller pieces of the problem. 
Charles to Melody: Talking about how quantities vary will help students 
understand why the graphs they look at in school act the way they do and appear 
the way they do. Even thinking about a common graph of y = x3, using the 
language of covariation better helps to explain why the graph "flattens out" 
between negative one and one. 
 
 
Melody initiated this thread and claimed that engaging covariational analysis is one way 
to explain, “why it is happening.” Moreover, she suggested that covariation provides an 
approach for engaging a more detailed analysis of a graph as she noted it “helps go 
beyond…” and “enables us to break down complicated graphs.” Charles responded and 
noted that the approach to examining functions will “help students understand why 
graphs…appear the way they do.” Following this statement, Charles provided a specific 
example and noted, “using the language of covariation better helps to explain why the 
graph “flattens out” between negative one and one.” A screen shot of the function y=x^3 
is shown in figure 12 to give the reader a sense of the image Charles was likely referring 
to.   
 
Figure 12: y=x3 “flattens out” 
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 In the above conversation, Charles and Melody appear to be discussing the 
importance of engaging covariational analysis to explain why graphs have a particular 
look. Melody’s references are more implicit, however when referring to an approach for 
‘breaking down the graph’ it seems that she was talking about the visual features of a 
graph and potentially referring to focusing in on particular intervals of the function. If she 
was not, rather than referring to ‘the graph,’ she might have referenced the “equation” or 
the “functional relationship.” Charles, on the other hand, is much more explicit as he 
emphasized analyzing the look and provided a particular example in which he referenced 
a visual aspect of y=x^3 (where it ‘flattens out’) in which covariational analysis would be 
useful for examining. 
 In addition to the interactions between Paul and Chloe as well as between Melody 
and Charles, participants were observed making comments in their initial posts regarding 
the importance of engaging covariational analysis. Consider the following examples from 
participants’ initial posts: 
Hank: Covariational analysis helps explain why a graph appears the way it does, 
or why two variables are related in the way that they are.   
Riley: Covariation gives us the reason why a pattern works. Instead of just 
observing it from afar, covariation examines the behavior of a function in specific 
intervals. Also, graphing the function is not necessary when using a covariational 
analysis while graphing is very much needed to observe a pattern. 
Taylor: Covariation gives the support of why there is a certain pattern and how 
this behavior acts the way it does.  
Jessica: Covariation is this idea that has forced me to slow down and not jump to 
the answer but think about how you will explain what is changing, and why. 
Ava: By looking at how quantities covary we can describe what is happening to 
create a pattern, not just the pattern itself. Covariation allows us to look that the 
underlying quantities and how they change to create the pattern. It gives us the 
“why” behind the pattern. 
Ruby: Covariational analysis forces us to break equations into quantities to 
determine the behavior of each quantity and the relationship two quantities have 
with each other.  Once we know this we can start to reconstruct and determine 
behaviors and understand the why as opposed to describing what you see. 
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In each of these statements, participants made statements around the idea that covariation 
is useful for understanding why a graph has a particular look. For example, they noted, 
“covariation helps explain why a graph appears the way it does,” “covariation gives us 
the reason why a pattern works,” [covariation] gives us “the ‘why’ behind the pattern,” 
“determine behaviors and understand the why,” and “understand the why as opposed to 
describing what you see.” This last example appears to be particularly significant because 
it shows Ruby explicitly distinguishing engaging covariational analysis from “describing 
what you see,” a key element of participants engagement in static shape discourse. 
Therefore, this is additional evidence that participants began to value this approach to 
making sense of why functions have particular visual features. 
 Participants’ engagement in emergent shape discourse and occasions of challenge 
documented in the previous subsection when participants did not engage covariational to 
explain why graphs have a particular looks provided evidence for a conjecture regarding 
the emergence of emergent shape discourse as a sociomathematical norm. This 
subsection provided supporting evidence for this conjecture as participants explicitly 
discussed engaging covariational analysis to examine why graphs have particular visual 
features. Thus, according to Dean (2005), there is robust evidence that emergent shape 
discourse was more than a theme in participants’ mathematical activity.  
 Discussion. Moore and Thompson (2015) argue emergent shape thinking involves 
thinking about a graph as a “trace in progress…with the trace being a record of the 
relationship between covarying quantities” (p. 785). In this sense, the trace is a visual 
representation of the graph and the examination of the covariation between quantities is a 
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way to explain how the graph came to have this particular look. The class’s 
sociomathematical norm, emergent shape discourse, involved engaging covariational 
analysis to explain why function graphs have a particular look. Thus, the reason why I 
referred to the norm as emergent shape discourse is because examining the covariation 
between quantities was consistent with claims Moore and Thompson made about the 
types of behaviors they were observing when students appeared to be engaging emergent 
shape thinking. However, the use of the term emergent shape discourse is not meant to 
suggest complete one-to-one correspondence, as it was unclear in this study as to whether 
participants were thinking about the trace of the function graph as emerging while 
explaining the covariation between quantities. Thus, it is conjectured that the class’s 
engagement in emergent shape discourse was along a continuum of becoming consistent 
with emergent shape thinking. 
Conclusion 
 This chapter documented the evolution of the ways in which participants engaged 
mathematical activity in the online PD course providing evidence to answer the first 
research question: What are participants’ norms and collective practices? It was shown 
that the class participated in explaining why, a social norm for developing mathematical 
explanations and emergent shape discourse, a sociomathematical norm for developing 
mathematical explanations. The class’s participation in these norms suggests participants’ 
growth along a trajectory of engaging more sophisticated collective mathematical 
activity. The class’s initial mathematical activity included static shape discourse, as the 
class focused on visual features of function graphs. This was regarded as less 
sophisticated way of examining functional scenarios as a focus on perceptual features of 
a graph is limiting and constrains participants to thinking within a particular context. The 
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class’s social norm was a shift beyond static shape discourse towards explaining why 
graphs have particular shapes. This was a more sophisticated approach to examining 
functions because, as argued above, it included grappling with the logical necessity, 
indicating that participants were reasoning more abstractly about functions. The class’s 
sociomathematical norm, emergent shape discourse was a particular way in which the 
collective began to explain why by engaging covariational analysis. The reason emergent 
shape discourse is regarded as a more sophisticated approach is because engaging 
covariational analysis is a particularly generative way of reasoning abstractly about 
quantitative relationships that is generalizable to a variety of contexts (Moore & 
Thompson, 2015). 
 This study also posed the question: To what extent does the participants’ online 
network resemble a community? Wenger (1998) argued that a criterion for participation 
in a community of practice is mutual engagement in shared practice. Chapter six argued 
that there was evidence the class mutually engaged in practice because at the conclusion 
of the course the class’s social network was nearly fully connected. The current chapter 
documented that as a result of participants’ mutual engagement in course activity, there 
emerged a social norm (explaining why) and a sociomathematical norm (emergent shape 
discourse) for developing mathematical explanations. Thus, the analyses presented in 
chapter six and seven indicates that (1) the class mutually engaged in shared practice and 
(2) the class’s collective activity was generative as the sophistication of their norms 
evolved along a trajectory from static shape discourse to emergent shape discourse. 
Therefore, it is concluded that participants’ online network began to resemble a 
generative and productive community. 
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Chapter 8: Scaffolding Legitimate Peripheral Participation With Technology 	
 This study sought to facilitate a virtual boundary encounter between the 
participants and the Math Forum through mediating participants’ collective activity with 
the EnCoMPASS Environment (EE). At the core of the design of the virtual boundary 
encounter was the development of the EE, a software environment that could function as 
a boundary object but also scaffold activities consistent with the Math Forum’s practices. 
As discussed in chapter four, the EE was designed to enhance the process of analyzing 
mathematics work and providing feedback. Thus, to understand whether and how the EE 
could facilitate a virtual boundary encounter, this chapter examines the ways in which 
participants generated feedback in both the scaffolded environment (the EE) as well as a 
non-scaffolded environment (the DB) to understand the extent to which the EE impacted 
participants’ feedback practices. In this chapter, I will show how (1) the EE functioned as 
a boundary object, (2) the EE scaffolded an emerging practice for providing feedback, 
and (3) the way in which the class’s emerging practice for developing feedback 
transferred across modalities in the course (from the EE to the DB).   
Functioning As A Boundary Object 
 This section will show how the EE functioned as a boundary object. The reader 
will recall that the properties of boundary objects include (1) legitimacy in multiple 
communities, (2) interpretive flexibility, and (3) the ability to mediate activity between 
multiple communities. Thus, as a means to provide evidence for the way in which the EE 
had these characteristics of boundary objects, for each of the characteristics of boundary 
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objects I will (a) examine how participants developed feedback scaffolded by the tool and 
(b) discuss the ways in which the Math Forum use the tool10.  
 Legitimacy. This section introduces the way in which the EE had legitimacy 
amongst the participants and the Math Forum community of practice by (1) showing how 
participants’ feedback mediated by the EE was consistent with participants’ feedback in 
the DB, and (2) introducing the ways in which participants talked about the tool as useful 
in the course DB. 
 In chapter seven, I examined the ways in which participants responded to 
colleagues’ posts by primarily sharing and comparing information when engaging 
discussion on the course DB, that is they provided feedback to their colleagues through 
praise, making evaluative comments, comparing the correctness of their responses, and 
comparing the extent of their mathematical knowledge. A theme in participants’ feedback 
scaffolded by the EE was consistent with sharing and comparing as observed in the DB. 
An example is introduced below to illustrate how participants’ feedback was consistent 
across environments (the EE and the DB). The example shown is an occasion where 
Jazmine was using the EE to examine Rose’s mathematics work. In particular, the 
example illustrates Jazmine’s use of the selection tool to highlight an aspect of Rose’s 
work and then her use of the noticing and wondering commenting tool to craft a notice or 
a wonder that is connected11 to the particular highlighted section of Rose’s work. This 
																																																								
10 While this study did not explicitly examine the Math Forum’s uses of the tool, I draw from our ongoing 
work to discuss patterns in the Math Forum’s uses of the EE. Moreover, several of the way in which the 
Math Forum uses the EE were discussed in chapter four. However, in this chapter there are a few occasions 
where I provide additional explanation in order to further highlight the contrast between the way in which 
the Math Forum use the EE and the participants’ use. 
11 Chapter four showed that one of the key features of the environment was the link between the selection 
and comment. The link is realized as participants click on a selection the corresponding comments moves 
to the top of the list or when they click on a comment the corresponding selection is underlined in red. 
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particular example includes two selections and corresponding comments and is in the 
context of a discussion about the function y=sin(x).  
(Jazmine’s selection from Rose’s work) You wrote: domain  
(Jazmine’s Comment on the above selection) ...and I noticed that... you used the 
word domain; I don’t think I did  
(Jazmine’s selection from Rose’s work) You wrote: x represents the angle or the 
arc length of the circle  
(Jazmine’s Comment on the above selection) ...and I wondered about... I think 
this is different from my explanation. I wonder if one of us is correct; or if we are 
both correct, but saying it differently.  
 
In Jazmine’s first selection shown above, she highlighted the word “domain” and the 
second selection was a sentence Rose wrote in her work: “x represents the angle of the 
arc length of the circle.” The first selection (“domain”) is a term used to refer to the range 
of possible values in which a function is defined. The second selection (“x represents the 
angle of the arc length of the circle”) is an occasion where Rose appeared to define the 
quantity in which x represented. In her first comment (which was connected to the first 
selection) Jazmine noted that she did not use the word domain. In her second comment 
(which was connected to the second selection) Jazmine noted that Rose’s explanation of 
the quantity ‘x’ was different than her explanation and also wondered about the 
correctness of their explanations. 
 Jazmine’s first comment appears to be an occasion where she was comparing the 
content of Rose’s work to her own. In particular, Jazmine selected a particular 
mathematical term (domain) and noted that she did not use this term in her explanation. 
Jazmine’s second comment appears to have similar features. When Jazmine noted, “I 
think this is different than my explanation,” it appears that she was comparing the content 
of her explanation (not shown) to Rose’s. Jazmine also wondered about the correctness, 
which illustrates an occasion in which she was taking an evaluative stance towards her 
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colleagues’ work and then sharing her thinking about this evaluation (“I wonder if one of 
us is correct…”). Thus, there is evidence that, scaffolded by the EE Jazmine was sharing 
and comparing information when providing feedback to Rose. 
 The way in which participants shared and compared information (e.g. praise, 
making evaluative comments, comparing the correctness of their responses, and 
comparing the extent of their mathematical knowledge) as a means of providing feedback 
in the DB was consistent with participants’ feedback scaffolded by the EE (shown in 
Jazmine’s work above). For example, Jazmine made comments that compared the content 
of her response to Rose’s (e.g. in regard to the use of the word domain). This is consistent 
with the way in which participants compared the extent of their mathematical knowledge 
mediated by the DB. Jazmine also took an evaluative stance towards Rose’s work and 
then shared her thoughts about this evaluation, which was also consistent with the ways 
in which participants provided feedback to their colleagues in the DB (e.g. as shown in 
chapter seven where Cindy suggested that she did not think her response was correct after 
reading Hank’s). Thus, this examination indicates that there was a consistency with 
which participants developed feedback across modalities as they shared and compared 
information in both the EE and the DB. 
 This consistency with which participants developed feedback across modalities 
provides evidence for the legitimacy of the EE amongst the EnCoMPASS Community 
because it indicates they could use the tool in ways in which were consistent with their 
initial practices for providing feedback. If the tool did not scaffold participants’ 
development of feedback that shared and compared information, there is potential 
participants would have had to learn new processes for crafting feedback. If participants 
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had to learn new ways of providing feedback, the goal during the process of analyzing 
colleagues’ mathematics work might have shifted from providing feedback to help 
colleagues achieve course goals (e.g. begin to engage covariational analysis when 
working with functions) to learning how to use the EE.  
 Additional evidence of the EE’s legitimacy comes from the ways in which 
participants talked about the EE. For example, consider the following posts by 
participants who expressed value for the tool’s design: 
• “I really love the “I wonder” and “I notice” features of the environment. They 
help to focus the comments and prompt students to think about what they are 
reading.” (Ava) 
• “I loved the "I wonder" and "I notice" response options on EnCoMPASS. I want 
to incorporate those phrases into my language outside the EnCoMPASS 
environment when I am doing my assignments for the course and critiquing 
others' work. I think they are very helpful phrases to push my own thinking and 
the thinking of our classmates as well!” (Riley) 
• “What stood out the most was how you can highlight sections and then make 
comments or questions that refer back to the passage highlighted. You do not 
have to copy and paste it and then make your comment because when you click 
on the comment or question it underlines the part you are referring to- this is 
going to be great when commenting on others work.” (Taylor) 
In these examples, participants expressed excitement towards the noticing and wondering 
feature of the tool (e.g. “I really love…) and suggested that ‘noticing’ and ‘wondering’ is 
an effective way to support additional thinking around a particular topic as well as a way 
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to “push…the thinking of our classmates.” In addition, participants also discussed the 
affordance of highlighting a particular example of colleagues’ work and being able to 
“make comments or questions that refer back to the passage highlighted.” Thus, 
providing evidence for the EE’s legitimacy (1) the EE afforded participants’ development 
of feedback that was consistent with the ways in which participants developed feedback 
in a non-scaffolded environment and (2) participants talked about the use value of the EE 
indicating that they perceived the EE as useful. 
 While there is evidence that the tool likely had legitimacy amongst the 
EnCoMPASS Community, it was argued in chapter four that the EE has legitimacy 
amongst the Math Forum community of practice. As discussed in chapter four, included 
in their work with the Problem of the Week service (PoWs), Math Forum staff generates 
a teacher packet for each of the PoWs. The process of developing this packet includes 
examining students’ work for patterns and typical, unique, and interesting ways in which 
students solved the problem. With the development of the EE, Math Forum staff began to 
use the EE to examine student work to develop these packets. Thus, the EE appears to 
have legitimacy amongst the Math Forum staff as they also use the tool to mediate 
activity in an existing practice.  
 This section analyzed and discussed data that indicate the EE has the first 
property of boundary objects, as there is evidence of the EE’s legitimacy in both the 
EnCoMPASS Community and the Math Forum community of practice. In the 
EnCoMPASS Community, the tool appeared to have legitimacy because participants 
used the tool in ways in which were consistent with their initial practices for providing 
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that indicate they valued the use of the tool (e.g. “I really loved…” etc.). In the Math 
Forum community, the tool appears to have legitimacy as the Math Forum uses it for an 
existing practice around examining student work to develop a teacher packet of PoWs.  
 Interpretive flexibility. This section will show that participants and the Math 
Forum interpret the EE’s use differently, providing evidence that the EE also had the 
second property of boundary objects. The analysis focuses on the features of the feedback 
note generated by participants and the Math Forum.  
 Prior to introducing features of the communities’ feedback notes, it is worthwhile 
to reintroduce design features of the EE to give the reader a sense of the way in which the 
EE scaffolds the development of feedback. As discussed in chapter four, the EE includes 
two workspaces; one workspace is what we refer to as the primary workspace where 
users can examine student work with the selection tool, the noticing and wondering 
commenting tool and folder feature (see figure 14). As a result of this work, the EE 
generates residue of the analysis, which is in the form of selections of student work (see 
figure 13 at the bottom of the center panel in yellow) and corresponding comments (see 
figure 13 on the right hand panel).  
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Figure 13: Primary workspace in the EE 		
 The second workspace is what we refer to as the feedback screen (see figure 14). 
One of the key features of the EE is that it collects the residue generated from analyzing 
student work in the primary workspace, namely the selections and corresponding 
comments and populates this residue into the feedback screen. In order to distinguish 
selections from comments in the feedback screen, the EE labels selections by placing 
“You wrote:” before the selection and the EE labels the comments by placing “…and I 
noticed/wondered that…” before the notice/wonder. Shown in figure 14, at the bottom 
left of the feedback screen is an “edit button,” which allows the user to edit their list of 
selections/noticings/wonderings to draft a feedback note. Thus, the primary workspace 
scaffolds the analysis of student work while the feedback screen scaffolds reflection and 
parsing of this analysis of student work to craft focused feedback. This reintroduction of 
the tool provides contexts for examining the difference in the ways that participants and 
the Math Forum develop feedback scaffolded by the EE. 
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Figure 14: Feedback screen 		
 The following illustrates differences in the form of participants and the Math 
Forum’s feedback as a result of working within the primary workspace and feedback 
screen. The first example is of the way in which study participants used the EE to 
develop feedback to their colleagues. The example is shown below (see figure 15), which 
is feedback Ava, a class participant, sent to her colleague. 
	
Figure 15: Ava’s feedback to her colleague scaffolded by the EE 	
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is a list of selections and corresponding noticings/wonderings. Ava’s selections are the 
instances shown in figure 15 where the feedback says, “You wrote:” Directly below each 
of these selections is Ava’s corresponding notice or wonder (“…and I noticed that…” or 
“…and I wondered about…”). The second aspect to highlight is the similarity in the 
‘look’ of her feedback versus the ‘look’ of the way in which the EE populates 
selections/noticings/wonderings made in the primary workspace (see figure 15) into the 
feedback screen (shown in figure 14). In this way, it appears that Ava sent the list of 
selections/noticings/wonderings generated by the EE to her colleague as feedback. In 
other words, it appears that Ava made little to no adjustments to her feedback in the 
feedback screen prior to sending her selections/noticings/wonderings to her colleague. 
Therefore, it appears that the way in which participants provided feedback to their 
colleagues scaffolded by the EE was by sending the list of selections/noticings/ 
wonderings they made in the primary workspace with their colleague.  
 In contrast to the form or ‘look’ of participants’ feedback, our ongoing work 
indicates that the Math Forum use the selection tool and the noticing and wondering 
commenting tool to engage a first layer of analysis of student thinking that includes 
collecting evidence from students’ work and interrogating what particular examples of 
student thinking mean in regard to student mathematical understandings. The result of the 
first layer of analysis is a list of selections and noticings and wonderings that are 
populated into the feedback screen (an example of the ‘look’ is shown above in figure 
14). However, prior to sending feedback, the Math Forum reflect upon the list of 
selections/noticings/wonderings populated in the feedback screen and parse their 
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selections/noticings/wonderings to include the most significant or generative 
selection/notice/wonder in regard to supporting students mathematics learning. This 
parsed list serves as the foundation on which the Math Forum makes modifications to the 
content of the list (e.g. through reorganizing the list, rewording the comments, generating 
a note generates a feedback note that addresses one or two of the 
selections/notices/wonders from the analysis. 
 Comparing across the forms of feedback generated by the two communities 
surfaces one key difference. As discussed above, it appeared that participants sent an 
unmodified list of selections/noticings/wonderings from their analysis of colleagues’ 
work in the primary workspace to their colleague as feedback. In contrast, the Math 
Forum reflect upon the list of selections/noticings/ wonderings populated into the 
feedback screen and make adjustments in order to craft a focused feedback note.  
 The form of the two communities shows the different ways in which members of 
the EnCoMPASS Community and the Math Forum community of practice use the EE to 
provide feedback, which indicates they interpreted the tool’s use differently. The way in 
which participants used the tool indicates they interpreted the features of the tool, in 
particular the way in which it populates selections/noticings/wonderings made in the 
primary workspace into the feedback screen as a means to collect their analysis of 
colleagues’ work into a single screen that can be sent as feedback. On the other hand, the 
way in which the Math Forum use the tool indicates that they interpret the feedback 
screen as a place to reflect on their initial analysis and craft a focused feedback note that 
builds on a few of the selections/noticings/wonderings made during first layer of analysis. 
This is evidence that the EE functioned in a way in which it had interpretive flexibility 
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amongst the EnCoMPASS Community and Math Forum, namely the second property of 
boundary objects. 
 Mediator of activity. This section discusses the EE’s potential to have the third 
property of boundary objects, namely mediating live activity between multiple 
communities. The reason why the section only discusses this property is because the EE 
was situated within a context that did not include occasions where members of the 
EnCoMPASS Community and members of the Math Forum were using the tool together 
in a common site. Thus, based on the analysis in this study, we can only develop 
conjectures regarding the potential for the tool to have this characteristic of boundary 
objects.  
 In order to show the potential of the tool to mediate live activity between the 
EnCoMPASS Community and the Math Forum, the section briefly draws from the 
previous two sections (legitimacy, interpretive flexibility).  
 Shown in the previous two sections, participants used the EE to examine their 
colleagues’ work. The examples of participants’ feedback shown above provide evidence 
for this claim. Also discussed above was that the Math Forum uses the EE in their weekly 
practice as they examine students’ mathematics work as a means to develop a “teacher 
packet.” The teacher packet discusses patterns in the ways in which students solve a 
particular PoW as well as unique and interesting solutions. In this way, both the 
EnCoMPASS Community and the Math Forum use the EE as a means to analyze 
mathematics work.  
 In this way, it is likely that in a context where participants and the Math Forum 
are working together in a common site, the tool would mediate activity between these 
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two communities. Therefore, it is conjectured that the connecting link between the 
EnCoMPASS Community and the Math Forum community of practice would be the 
process of examining student work mediated by the EE. Verifying this conjecture would 
indicate that the tool also had the third property of boundary objects, namely mediating 
activity between multiple communities.  
 Discussion. The purpose of this section was to document the way in which the EE 
functioned as a boundary object by relating evidence of the way in which the tool 
scaffolded development of feedback to the properties of boundary objects (legitimacy, 
interpretive flexibility, and mediating activity). The above analysis indicates that the EE 
(1) had legitimacy in both communities because the tool afforded participation in 
participants’ initial practices for providing feedback to colleagues (e.g. sharing and 
comparing) while the Math Forum use the EE for their existing weekly practice; (2) had 
interpretive flexibility as the EE was interpreted by participants as means to collect the 
analysis of student work and send the list of selections and comments to colleagues as 
feedback while the Math Forum interpret the tool as a means for analyzing student work, 
collecting this analysis and then reflecting upon this analysis to craft a feedback note; and 
(3) had the potential to mediate live activity between the EnCoMPASS Community and 
the Math Forum through the common activity of analyzing mathematics work. Therefore, 
it was shown that the EE functioned in a way in which was, in part consistent with the 
functioning of boundary objects.   
 The way in which the tool functioned as a boundary object was likely important 
for creating a link between the communities’ practices and engendering the potential for a 
virtual boundary encounter with the Math Forum. If the tool did not function as a 
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boundary object and had specific features in which participants did not perceive as useful, 
it is likely that participants (1) would have rejected the tool as useful for their work and 
potentially used other means to provide feedback to their colleagues, or (2) spent time 
during the course learning how to use the tool rather than engaging with their colleagues’ 
mathematics work through the specifically designed scaffolds (i.e. the selection tool).   
A Challenging Practice And Its Transfer Across Modalities 
 Chapter four detailed the way in which the EE was designed to scaffold 
participation in activities consistent with the Math Forum’s practices (e.g. providing 
evidence-based feedback). Our conjecture was participation in these activities would 
result in participants’ participation in norms consistent with the Math Forum’s practices 
in a non-scaffolded environment. The class’s participation in activities across the two 
modalities (the EE and the DB) provided context to investigate this conjecture and 
understand the ways in which participants provided feedback to their colleagues in a 
highly scaffolded environment (the EE) and whether/how these feedback practices 
transfer to a non-scaffolded environment (the DB). This section shows (1) that in the 
highly scaffolded environment (the EE), participants began to engage a challenging 
practice, an emerging pedagogical practice for providing feedback to colleagues, and (2) 
how the challenging practice began to transfer to the non-scaffolded environment (the 
DB).  
 When examining interactions in the two different modalities, it became apparent 
that there were many similarities and differences between the ways in which participants 
provided feedback to colleagues. Using the lens of structure versus function allowed us to 
better understand these similarities and differences in feedback across the modalities as 
well as how participants’ feedback changed over the duration of the course.  
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 The lens of structure was useful for examining the features of participants’ 
utterances in regard to how utterances are linked through the content of the utterance as 
well as through words that reference other utterances. The lens of function was consistent 
with notions of univocal versus dialogic text (Lotman, 1988), allowing us to characterize 
the function of the text in the interaction. Univocal text falls under the ‘conduit metaphor’ 
of knowledge transmission (i.e. sharing, comparing, explaining how something ‘should’ 
be, etc.) while dialogic text is generative and attempts to build new knowledge 
(challenging, asking questions, interpreting, etc.).  
 Activity scaffolded by the EE: The challenging practice. This section examines 
the structure and function of participants’ feedback scaffolded by the EE and how it 
evolved over the duration of the course to document participation in the challenging 
practice (an emerging pedagogical practice for providing feedback to colleagues). As 
expected, the structure of the feedback remained the same over the duration of the course 
because the design features of the EE, the selection tool and the noticing and wondering 
tool, scaffolded the structure of participants’ feedback. However, the function of 
participants’ feedback evolved over the duration of the course as participants began to 
question and challenge colleagues to engage mathematics in particular ways.  
 The first example re-examines the interaction between Jazmine and Rose 
discussed in the functioning as a boundary object section above. The purpose of this 
example is to show one of the ways in which participants initially used the EE to provide 
feedback to colleagues. The analysis focuses on the structure and function of the 
feedback. First, consider the following: 
(Jazmine’s selection from Rose’s work) You wrote: domain  
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(Jazmine’s Comment on the above selection) ...and I noticed that... you used the 
word domain; I don’t think I did  
(Jazmine’s selection from Rose’s work) You wrote: x represents the angle or the 
arclength of the circle  
(Jazmine’s Comment on the above selection) ...and I wondered about... I think 
this is different from my explanation. I wonder if one of us is correct; or if we are 
both correct, but saying it differently.  
 
 In the first selection, Jazmine highlighted Rose’s use of the word ‘domain’ from 
her solution and then in Jazmine’s comment on this selection she noticed that Rose used 
the word domain. Jazmine’s second selection highlighted Rose’s description of a 
particular quantity (“the angle or arc length..”) and then in her comment on this selection, 
Jazmine wondered, “I think this [emphasis added] is different…”  
 This example illustrates the structure of Jazmine’s feedback as she highlighted 
specific aspects of her colleague’s work and then made comments that were grounded in 
Rose’s work. In addition, in Jazmine’s first comment, there was link between Rose’s 
work and her comment through the word “domain.”  In Jazmine’s second comment, she 
explicitly referenced Rose’s work with use of the word “this.” Thus, in both cases there 
was a specific highlighted detail of Rose’s work and an explicit link between this detail 
and the comment. In particular the link was through (1) common use of terms (e.g. 
domain) and (2) pronoun usage to refer to the selection. 
 Jazmine’s feedback to Rose also illustrates the initial function of the feedback 
participants developed scaffolded by the EE. As discussed in the previous section, 
Jazmine’s feedback was characterized as sharing and comparing, where she made 
evaluative comments and compared the correctness of Rose’s work to her own. Thus, the 
function of the feedback was characterized as sharing and comparing.  
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 This illustrates the structure and function of the initial ways in which participants 
developed feedback scaffolded by the EE. The structure of the feedback was the way in 
which participants selected the details of their colleagues’ work and then explicitly 
referenced this detail (e.g. by using common terms, and pronoun usage), thus this 
structure of participants’ feedback is referred to as evidence-based structure as the 
structure linked feedback to data or evidence of colleagues’ thinking. The function, on 
the other hand, was consistent with initial ways in which participants provided feedback 
on the DB as it shared and compared information with colleagues. Throughout the 
course, participants develop feedback scaffolded by the EE with the evidence-based 
structure; however, the function of the feedback evolves, which is shown in the next 
example.  
 The following example of the way in which participants developed feedback 
scaffolded by the EE illustrates an occasion where the structure of the feedback remains 
consistent with the previous example, as it is evidence-based (e.g. focused on details and 
linked to data), while the function is different. In particular, the function of the following 
example is an occasion where the feedback challenges a participant to engage 
mathematics in a particular way. An interaction between Paul and Nina previously 
discussed in chapter seven is shown below to these characteristics of the structure and 
function of Paul’s feedback. 
(Paul’s selection of Nina’s work) You wrote: This graph appears as it does 
because of the Unit Circle. Essentially as the values of sin(x) make their way 
around the circle, they start again at zero. 
(Paul’s comment on to Nina)...and I wonder... I wonder if you could elaborate 
on this concept more. Why do the values start again at zero? Why does the graph 
have hills and valleys? 
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First, Paul’s feedback included a selection from Nina’s work (“This graph appears as it 
does because of the Unit Circle. Essentially as the values of sin(x) make their way around 
the circle, they start again at zero.”). In Paul’s comment, he noted, “I wonder if you could 
elaborate on this concept more” and then Paul referenced his selection of Nina’s work by 
using the pronoun “this.” Paul then asked a specific question that was related to the 
purpose of the task (“Why does the graph have hills and valleys?”). In this question, Paul 
linked his comment to Nina’s work through the phrase “the graph.” Thus, Paul’s 
feedback had the evidence-based structure as he selected a detail from Nina’s work and 
then grounded his feedback in this detail through the use of common terms and pronouns 
that refer to Nina’s work.  
 The function of Paul’s feedback could be characterized as an occasion of 
challenge, as it was argued in section two of chapter seven that Paul’s feedback to Nina 
explicitly asked her to further elaborate on her explanation and further explain why. 
Therefore, Paul’s feedback is considered as having the challenging function. 
 Comparing the interaction between Paul and Nina to the interaction between 
Jazmine and Rose shown above, the structure of the feedback was the same while the 
function was different. Jazmine and Paul both crafted feedback scaffolded by the EE in a 
way that had the evidence-based structure, as they both selected details of their 
colleagues’ work and then used common terms and pronouns to link their comment to the 
detail. The function of Jazmine and Paul’s feedback was different. Jazmine’s feedback 
was characterized as sharing and comparing, where she made evaluative comments and 
compared the correctness of their work. Paul’s feedback was characterized as having the 
challenging function, where Paul pushed Nina to refine the details of her mathematical 
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explanation. Thus, this illustrates that the function of the feedback participants developed 
scaffolded by the EE evolved from sharing and comparing to the challenging function. 
 With this change in the function of participants’ feedback, Paul’s feedback to 
Nina scaffolded by the EE was the first occasion in which a participant was observed 
participating in the class’s challenging practice. The challenging practice was an 
emerging pedagogical practice for the way in which participants developed feedback 
scaffolded by the EE. The challenging practice included feedback that had the evidence-
based structure and the challenging function. Thus, the challenging practice was 
participants’ way of developing feedback that was linked to data and pushed colleagues 
to refine their mathematical explanations.   
 The following shows another example of participants’ engagement in the 
challenging practice to illustrate the consistency with which participants engaged the 
challenging practice throughout the course. The following example is from week eight of 
the course where participants discussed a scenario with a ball that is falling from rest and 
they were tasked with examining the average rate of change of the ball. Riley participated 
in the challenging practice when providing feedback on Melody’s work. 
(Riley’s selection from Melody’s work) You wrote: Given an object falling on 
an interval between 2 and 4 seconds on the trajectory of  y=16x2, its vertical 
distance would be 64 units when the time was 2 seconds.  
(Riley’s comment on Melody’s work)...and I wondered about... I wonder if there 
could be some details added in here about how the quantities, x and y, are 
covarying within this function.  
 
Riley’s selection highlighted an aspect of Melody’s work that emphasized the 
components of the scenario (“an object falling”), the particular interval of interest 
(“between 2 and 4 seconds”), and a specific value of the function at a time of 2 seconds 
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(“the vertical distance would be 64 units.”). In her comment, Riley wondered if there 
could be additional details regarding how x and y covaried. 
 In this case, Riley’s feedback had the evidence-based structure as she selected a 
detail of Melody’s work as well as made a comment that was in reference to this detail. 
Riley referred to Melody’s work by using the pronoun “here” when she noted, “I 
wondered if there could be some details added in here.” There also appears to be a link 
between Riley’s comment and Melody’s work through Riley’s reference to the quantities 
x and y. The reason this is the link is because Melody is discussing the function y=16x^2, 
which could be interpreted as a function with two quantities, namely x and y.  
 Riley’s feedback also had the challenging function. Consider that this is an 
occasion of Melody’s work in which Melody described the situation in a way that 
appeared to have elements of static shape discourse. For example, Melody noted the 
distance would be “64 units when [emphasis added] the time was 2 seconds.” This 
indicates that she referred to a specific moment in time rather than the way in which the 
object was varying between this 2-second interval. Covariational analysis might begin 
with such a claim and then note that as x varies past 2 seconds the vertical distance 
increases/decreases, however such an explanation is not present in Melody’s solution. 
Riley appears to challenge Melody to provide an explanation that emphasizes the 
covariation between x and y within this interval as she explicitly wondered how x and y 
are “covarying.” Thus, this is an occasion where Riley participated in the class’s 
challenging practice as the feedback she developed scaffolded by the EE included both 
the evidence-based structure and the challenging function.  
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 Looking across the examples illustrates that the evidence-based structure of 
participants’ feedback was the same. In particular, each of the examples of feedback 
shown above highlighted occasions where participants selected a detail of their 
colleague’s work and then grounded their feedback within these details through the use of 
pronouns (i.e. this, here) and common terms (i.e. “domain,” “the graph,” “x and y”). 
However, the function of the feedback was different as participants were initially 
observed developing feedback that shared and compared (e.g. comparing correctness, 
making evaluative comments) and then they were observed developing feedback that has 
the challenging function (e.g. by explicitly asking for additional explanation, asking why, 
wondering about how quantities covary).  Cases where participants engage the evidence-
based structure and the challenging function were regarded as participation in the 
challenging practice. Participants engaged the challenging practice in each of the weeks 
in which they provided feedback to colleagues scaffolded by the EE. Table 8 presents an 
overview of the occasions in which participants were observed participating in the 
challenging practice mediated by the EE. 
 
Table 8: Counts of participation in the 
challenging practice mediated by the EE 
W
eek 
1 0* 
2 0 
3 7 
4 13 
5 22 
6 22 
7 0 
8 19 
9 10 
10 0 
Total 83 
*Participants did not engage mathematical activity mediated by the EE in weeks 1,2,7,10. 
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Table 8 illustrates that participants began to more frequently participate in the 
challenging practice during weeks three through seven and then they were observed less 
frequently engaging the challenging practice in weeks eight and nine. Nevertheless, there 
were 83 occasions in which the class participated in the challenging practice when 
developing feedback scaffolded by the EE. Thus, participants frequently provided 
evidence-based feedback to colleagues that challenged them to engage mathematics in 
particular ways. 
 Discussion. This section examined the way in which participants provided 
feedback to colleagues in a highly scaffolded environment (the EE). The analysis was 
framed through the lens of the structure and function of participants’ feedback and 
showed that the class began to participate in the challenging practice when developing 
feedback scaffolded by the EE. The practice was defined by the development of feedback 
with the evidence-based structure and the challenging function. The evidence-based 
structure was expected because the EE was designed with features (e.g. the selection tool 
and noticing and wondering commenting tool) intended to scaffold the development of 
feedback that included comments linked to evidence of student work. On the other hand, 
the function of the challenging practice appeared to be emergent in that the tool was not 
designed with features intended to scaffold the development of feedback that included 
occasions of challenge.     
 Taken together, there is evidence that the EE functioned in a way in which was, in 
part consistent with boundary objects. There is also evidence that the tool scaffolded 
participation in the challenging practice, which included an evidence-based structure and 
challenging function.  
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 Activity in the DB: The transfer of the challenging practice. The broad goal of 
the second main subsection of this chapter is to examine the ways in which participants 
provided feedback in a highly scaffolded environment and how this practice transfers to a 
non-scaffolded environment. The previous sub section documented participation in the 
challenging practice in a highly scaffolded environment (the EE). As noted above, after 
participants began to engage the challenging practice mediated by the EE, we began to 
observe similarities in the structure and function of participants’ feedback across 
modalities.  
 This section (1) discusses patterns in participants’ initial feedback in the DB and 
then (2) examines three successive shifts in the structure and function of participants’ 
feedback: (a) where they began to develop feedback with only the evidence-based 
structure, (b) where they began to develop feedback with only the challenging function, 
and (c) where they began to develop feedback consistent with the challenging practice 
(both the evidenced-based structure and the challenging function). 
 Initial feedback. This section briefly discusses participants’ initial patterns for 
providing feedback on the course DB. As discussed in chapter seven as well as above in 
this chapter, participants’ initial patterns included praising, making evaluative comments, 
comparing correctness, etc. Therefore, the function of participants’ feedback in the DB 
could be characterized as sharing and comparing. 
 The following illustrates that there was also an initial structure to participants’ 
feedback developed in the DB. The structure included responses that were surface level, 
that is comments that were non-specific and lacked reference of specific details of 
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colleagues’ work. For example, briefly reconsider a sample of the interaction shown in 
chapter seven between Hank and Cindy: 
Hank: The rate of change of Distance A with respect to the position of the car is 
equal to the rate of change of Distance B with respect to the position of the car; 
therefore, the two distances have a relationship…this means that a change of one 
unit in Distance A correlates with a change of one unit in Distance B….I feel that 
classifying this graph as a “graph that we know” or not is somewhat subjective.  
Strictly speaking, this graph is not a parabola.  Geometrically, a parabola is a 
collection of points that have the characteristic that they are the same distance 
from a given point as a given straight line. In terms of variation, the graph is not a 
quadratic or a parabola because the distance between the car and city B does not 
vary proportionally with the square of the distance between the car and city A. 
Cindy: Hank, I thought the way you explained and reasoned your answers was 
very clear and precise. Also in my response, I said I wasn't sure if it was correct to 
say that the rate of change was constant as the car moved. You did an excellent 
job explaining why this is. And what an interesting way to think about the graph! 
 
As discussed in chapter seven, Hank initiated this thread and argued that the graphs in the 
cities scenario (the initial task from week one of the course) could not be characterized by 
familiar functions (e.g. parabolas). In response to Hank, Cindy shared an evaluative 
comment, “I thought the way you explained and reasoned your answers was very clear” 
as well as made a comparison between the correctness of their work “I said I wasn’t sure 
if it was correct to say that the rate of change was constant…” In these cases, Cindy was 
sharing and comparing, however there is something to be said about the structure of 
these comments. In particular, in Cindy’s first comment I highlighted above, Cindy 
referenced broadly Hank’s “answers.” Thus, Cindy referred to Hank’s work, however she 
did so in a way that lacked reference to a specific detail. In Cindy’s second comment I 
highlighted above, the content of Cindy’s comment is linked with Hanks explanation as 
they both reference the “rate of change.” However, Cindy’s comment was non-specific in 
that it was unclear exactly what about the rate of change Cindy was referring because 
Hank does not mention a constant rate of change in his explanation. Cindy may have 
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been referring to Hank’s mention of equivalent rates of change (in the first sentence of 
the transcript above), however it was unclear based upon the content of her comment that 
she used the word “constant” incorrectly to refer to the meaning of “equivalent.” Thus, 
this shows how the structure of Cindy’s feedback was surface level, as she developed 
feedback that lacked reference to specific details and was non-specific. 
 This section illustrated the structure and function of participants’ feedback in the 
DB. The function of the feedback was characterized as sharing and comparing while the 
structure of the feedback was characterized as surface level (non-specific, lacking 
reference to details). The following sections illustrate the ways in the structure and 
function of participants’ feedback in the DB changed over the duration of the course.  
 Evidence-based structure. Week four was the first week in which participants 
were observed developing feedback in the DB that had the evidence-based structure. The 
following example is the occasion in which Paul responded to the Instructor in the week 
four DB using this structure for his feedback. To provide context, the example includes a 
post from the Instructor to Paul where the Instructor scaffolds Paul’s focus on quantities 
by modeling an explanation that focuses on quantities. Paul responded to the Instructor, 
highlights this occasion where the instructor modeled an explanation that focuses on 
quantities and then asks a question.  
(The Instructor’s post to Paul) Take a minute and focus on the quantiteis - as 
the arclength x varies from 0 to pi/2, the sin(x) -- the vertical segment from the 
endpoint of the arclength to the horizontal axis - varies from 0 to 1. 
(Paul’s feedback to the Instructor) You said to focus on the quantities - "as the 
arclength x varies from 0 to pi/2, the sin(x) - the vertical segment from the 
endpoint of the arclength to the horizontal axis - varies from 0 to 1." I am 
confused as to how we can talk about the quantities (0, pi/2, pi, 3pi/2, 2pi) in 
order to justify that the period is 2pi. That's like trying to define a word using the 
same word isn't it?  
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In this example, the Instructor sent a post to Paul and modeled an explanation that 
focuses on quantities by stating, “Take a minute to focus on the quantities…” In his 
response, Paul responsed to the instructor by stating “You said to focus on the quantities 
– “ and then following this statement he quoted the part of the instructor’s sample 
explanation that focuses on quantities (“as the arclength varies…). In his comment on this 
particular detail of the instructor’s post Paul asks a question about how to engage this 
type of explanation. 
 Paul’s feedback shown above had the evidence-based structure because Paul 
‘selected’ or quoted a particular detail of the Instructor’s post into his response. Paul 
linked his comment to the Instructor’s post as Paul noted “You said focus on the 
quantities…” In this way, Paul appeared to indicate that he was quoting the sample 
explanation provided by the instructor that focused on quantities. Then Paul also linked 
his comment to this quoted aspect of the Instructor’s post as he noted, “I am confused as 
to how we can talk about quantities.” This illustrates the link because Paul appeared to 
essentially label the quoted aspect of the Instructor’s post as being about quantities in his 
initial statement (“You said to focus on quantities…”) and then he made a comment 
about quantities. In this way, Paul’s post had the evidence-based structure because it 
explicitly highlighted a detail of the Instructor’s post and developed a comment that was 
linked or grounded in this detail. 
 In comparison to participants’ initial feedback in the DB, this example illustrates 
that there was a change in the structure of the practice. In particular, the structure began 
by including surface level feedback, where participants developed non-specific feedback 
that lacked reference to detail. The example above showed the first occasion in which 
	 		 174	
participants developed feedback on the DB with the evidence-based structure. Thus, it 
appears that the challenging practice began to transfer to the DB in its constituent 
components, as participants were first observed developing feedback with the evidence-
based structure in and of itself (e.g. without the challenging function).  	 Challenging function. Week five was the first week in which participants were 
observed developing feedback in the DB that had the challenging function. While 
participants continued to develop feedback with the evidence-based structure, there was 
yet to be an occasion in which we observed participants developing feedback with both of 
these components. The following illustrates this first occasion in which Hank was 
observed developing feedback to Charles that challenged Charles to engage mathematic 
in particular ways. This example was an occasion where Charles and Hank examined the 
behavior of the function cos(sin(bx)). Charles initiated the thread: 
Charles (initial): As sin(bx) varies from 1 to 0, cos(sin(bx)) will vary from 
cos(1)= .54 to cos(0) = 1.  As sin(bx) varies from 0 to -1, cos(sin(bx)) will vary 
from cos(0) = 1 to cos(-1) = .54 As sin(bx) varies from -1 to 0, cos(sin(bx)) will 
vary from cos(-1) = .54 to cos(0) =1.  This behavior would then repeat as sin(bx) 
again varies through another iteration of x varying by 2pi radians.   
Hank to Charles: I'm not sure one can conclude that the variables reach their 
extremes for the same values of x.  For example, you mentioned that in one 
particular interval, sin(bx) reaches extremes of -1 and 0, and that at these 
extremes, cos(sin(bx)) reaches values of .54 and 1 respectively.  However, the 
cosine function is not monotonic; it fluctuates periodically, and the cosine 
function does not reach a minimum at 0.54.  Over a certain interval, this may be 
the case, but the function may repeat one or several times before coming to an end 
at the value of 1.  Perhaps you could go into a bit more detail about what happens 
in between the extremes of the variable sin(bx).   
 
Initiating the thread, Charles participated in emergent shape discourse when examining 
the behavior of the function cos(sin(bx)). Charles examined the variation of the 
components of the function (e.g. consider sin(bx) and cos(sin(bx) of the function as 
separate components) as he coordinated change between the varying quantities: “As 
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sin(bx) varies from 0 to -1, cos(sin(bx)) will vary from cos(0) = 1 to cos(-1) = .54.” In 
this case, Charles chose an interval to examine sinx, namely between 0 and -1. In the 
function cos(sin(bx), cosine depends on the values of sine. Therefore as sin(x) varies 
between 0 and -1, Charles explained that cos(sin(x)) will vary between 1 and .54. Hank 
responded to Charles’ post and first paraphrases Charles post when he said, “you 
mentioned that in one particular interval, sin(bx) reaches extremes of -1 and 0, and that at 
these extremes, cos(sin(bx)) reaches values of .54 and 1 respectively.” Hank argued 
against this claim as he noted, “the cosine function is not monotonic; it fluctuates 
periodically, and the cosine function does not reach a minimum at 0.54.” Then, Hank 
concluded and said, “Perhaps you could go into a bit more detail about what happens in 
between the extremes of the variable sin(bx).” In this last claim, it appears that Hank 
challenged Charles to examine more closely the variation of the function.    
 The feedback by Hank above has the challenging function as Hank pushed 
Charles to examine the variation of sin(bx) more closely. The reason this is regarded as a 
challenge is because Hank pushed Charles to refine the details of his mathematical 
explanation. In particular, Hank appeared to suggest that there was something else 
happening in between the values of cos(0) and cos(-1) when he noted that cosine is not 
‘monotonic.’ In other words, since the rate of change of cosine varies as x varies between 
0 and -1, smaller intervals would be useful for getting a better sense of how the function 
varies across this larger interval. Therefore, it seemed that Hank was pushing Charles to 
provide more detail in his explanation by examining smaller intervals. 
 In comparison to participants’ initial feedback in the DB, this example illustrates 
that there was a change in the function of the feedback. Participants initially shared and 
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compared information when providing feedback in the DB while this illustrates an 
occasion where participants began to develop feedback that had the challenging function. 
Thus, this further illustrates that the challenging practice began to transfer to the DB in 
its constituent components. In particular, the evidence-based structure transferred and 
then the challenging function transferred. 
 Challenging practice. Participants continued to develop feedback that had either 
the evidence-based structure or challenging function following the first week in which 
participants were observed developing feedback with this function or structure. It was not 
until week six in which participants were observed engaging the challenging practice 
when providing feedback to their colleagues on the DB. Thus, it was not until week six in 
which participants were observed developing feedback on the DB that had both the 
evidence-based feedback structure and the challenging function. The following illustrates 
this interaction where Cindy engaged the challenging practice when providing feedback 
to Jazmine. In this example, Cindy and Jazmine were discussing the quantities and 
quadratics problem (discussed in chapter seven).  
Cindy to Jazmine: Also, I thought it would improve your solution if you added 
more details when you said "The graph exists from negative infinity to zero and 
from 6 to positive infinity. However during these intervals the graph is negative. 
As area is a measurement and can not be negative we focus our attention to the 
section of the graph that is positive." I think it would be beneficial to talk about 
whether you're describing quantity x, y, or both.  
 
 First, Cindy’s post had the evidence-based feedback structure as she highlighted 
the mathematical details of her colleagues’ thinking (“The graph exists…”). Cindy also 
referred to the quoted aspect of her colleagues’ work when she noted, “you said…” 
Cindy also challenged Jazmine to engage mathematics in a particular way. Consider that 
an expert in mathematics would likely interpret the quoted statement by Cindy as lacking 
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a focus on quantities. Rather than specifically referencing a quantity the claim indicates, 
“the graph exists” between particular values. Cindy challenged the group to provide 
additional details around this claim as she suggested they should make explicit which 
quantities are being analyzed (“I think it would be beneficial…”). Thus, this interaction 
in the DB was consistent with both the evidence-based structure and the challenging 
function, therefore is appears that Cindy participated in the class’s challenging practice in 
the DB. 
 In comparison to participants’ initial feedback in the DB, the previous example 
illustrates a case where both the structure and function changed. Thus, this illustrates that 
participation in the challenging practice first transferred to the DB in its constituent 
components and then in its entirety. Table 9 further illustrates the way in which 
participation in the challenging practice transferred to the DB. In particular, Table 9 
shows counts of participation in the constituent components (structure/function) as well 
as in the entirety of the challenging practice. The function and structure appear to transfer 
in similar ways while the challenging practice transferred last and participants were 
observed participating in the practice less frequently than in the structure or function 
alone.  
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Table 9: Counts of participation in the evidence-based structure, challenging 
function and challenging practice in the DB 
 
 
  
 
 
 
 
 Discussion. The analysis in this section illustrates three successive shifts in 
participants’ feedback developed in the DB as Paul, Hank and Cindy transferred the 
practice. Paul was the first participant observed developing feedback with the evidence-
based structure, Hank was the first participant observed developing feedback with the 
challenging function, and Cindy was the first participant observed participating in the 
challenging practice when developing feedback in the DB. The analysis of the counts of 
the class’s participation in the individual components as well as in the challenging 
practice in its entirety showed that the shifts in participation were more than isolated 
occasions and participants began to consistently engage these ways of developing 
feedback on the course DB.  
 The result of the analysis of participants’ development of feedback in the 
scaffolded environment versus the non-scaffolded environment found that in the 
scaffolded environment the structure of the feedback remained the same throughout the 
course as participants were observed consistently engaging the evidence-based structure, 
while the function of the feedback changed from sharing and comparing to the 
  Evidence-based structure Challenging function Challenging practice 
W
eek 
1 0 0 0 
2 0 0 0 
3 0 0 0 
4 0 3 0 
5 1 2 0 
6 6 0 1 
7 8 6 3 
8 3 3 3 
9 4 3 4 
10 3 6 1 
Total 25 23 12 
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challenging function. In the non-scaffolded environment the structure of participants’ 
feedback changed from surface level feedback to feedback with the evidence-based 
structure. The function of participants’ feedback in the non-scaffolded environment 
changed from sharing and comparing to having the challenging function. This result 
indicates that participants’ practices for developing feedback in a highly scaffolded 
environment (the EE) transferred to a non-scaffolded environment (the DB). Thus, there 
is evidence that participants began to appropriate the challenging practice.  
Conclusion 
 The second research question of this study asked: How does the EnCoMPASS 
Environment function at the boundary between the Math Forum and communities of 
practicing teachers? The analysis in this chapter provided evidence that the EE functioned 
in a way in which was, in part, consistent with the functioning of boundary objects. The 
EE had legitimacy, interpretive flexibility, and the potential to mediate activity between 
the EnCoMPASS Community and the Math Forum community of practice. The analysis 
also found that the EE scaffolded participation in the challenging practice, which was an 
emerging pedagogical practice for developing feedback that was evidence-based and 
challenged colleagues to engage mathematics in particular ways. Moreover, the analysis 
documented the transfer of the practice to a non-scaffolded environment indicating that 
participants began to appropriate the challenging practice. 
 In chapter seven we argued that the EnCoMPASS Community evolved into a 
community that engaged more sophisticated norms for developing mathematical 
explanations (e.g. the explaining why norm, covariational analysis to explain why norm). 
With the introduction of the EE, the tool scaffolded the class’s participation in the 
challenging practice for developing feedback. Therefore, participation in the 
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EnCoMPASS Community was in the process of becoming defined by participation in 
collective practices for pedagogical activity. Thus, there is evidence that over the duration 
of the course, membership in the EnCoMPASS Community was in the process of 
becoming defined by participation in more sophisticated norms and collective practices 
for mathematical and pedagogical activity. 
 Relating participants’ challenging practice to the Math Forum’s practices provide 
basis to answer the sub question of the third research question: If a community is 
documented, to what extent do the community’s norms and collective practices align with 
the existing online community’s? The Math Forum’s evidence-based feedback practice 
(discussed extensively in chapter four) includes gathering data and interrogating student 
thinking, developing conjectures regarding learners’ mathematical understandings, and 
then designing feedback so learners can expand the sophistication of their mathematical 
reasoning. This practice is operationalized with three activities, (1) noticing student 
thinking by focusing on the details of students’ mathematics work, (2) wondering about 
what these details mean in regard to student mathematical understandings, and (3) 
reflecting on this initial layer of analysis to craft focused feedback grounded in evidence 
designed to support students’ engagement in more sophisticated mathematical thinking.  
 Participants’ challenging practice included two components: the evidence–based 
structure and the challenging function. These components of the way in which 
participants developed feedback were at least along a continuum of becoming consistent 
with the Math Forum’s evidence-based feedback practice. The evidenced-based structure 
of participants’ feedback was consistent with the way in which the Math Forum notice 
student thinking as both activities include isolating details of student work. The 
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challenging function of participants’ feedback was along a continuum of becoming 
consistent with the activity of reflecting and crafting focused feedback grounded in 
evidence as both activities include developing feedback linked to data that aims to 
support learners in engaging more sophisticated mathematical activity. Thus, there is 
evidence that the EnCoMPASS Community’s challenging practice is along a continuum 
of becoming consistent with the Math Forum’s evidence-based feedback practice. 	 The fourth research question of this study asked: How can community-based PD 
support teachers’ enculturation into an existing online community of practice? 
Enculturation into a community implies becoming at least a legitimate peripheral 
participant of a community of practice. Lave and Wenger (1991) argued that legitimate 
peripheral participation includes each of the three elements denoted by the construct. 
Legitimacy in regard to having potential to be successful in a community’s practices; 
peripherality in regard to access to a community’s practices; participation in regard to 
increasing participation in a community’s practices. The members of the EnCoMPASS 
Community became legitimate participants in the Math Forum community, as they are a 
group of practicing teachers who engaged similar activities as the Math Forum (i.e. 
analyzing student work). There is evidence of peripherality, as the EnCoMPASS 
Community appeared to gain access to the Math Forum’s practices through activity 
scaffolded by the EE. This was demonstrated as the EE scaffolded participation in 
activities consistent with the Math Forum’s practices. Participants increased their 
participation with the Math Forum’s practices, demonstrated by participation in the 
challenging practice with the introduction of the EE. In this way, the members of the 
EnCoMPASS Community became legitimate peripheral participants, indicating the 
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permeability of the boundary between the two communities. Because the EE provided 
such access and scaffolded participation in the challenging practice, there is evidence 
that the EE contributed to this shift and scaffolded legitimate peripheral participation in 
the Math Forum community of practice.  
 In summary, chapter two outlined a theoretically driven conjecture for the design 
of a virtual boundary encounter with the purpose of achieving the goal of this study. 
Chapter four introduced the Math Forum’s practices as well as the EE, which was 
designed to function as a boundary object and scaffold participation in activities 
consistent with the Math Forum’s practices. It was conjectured that participation in 
community-based PD mediated by the EE would result in the emergence of norms 
consistent with the Math Forum’s practices. This study found that the EE (1) functioned 
as a boundary object and created a link between the two communities’ practice and (2) 
scaffolded participation in the challenging practice and participants began to engage this 
practice in a non-scaffolded environment. The challenging practice was along a 
continuum of becoming consistent with the Math Forum’s evidence-based feedback 
practice. This indicates that participants became legitimate peripheral participants of the 
Math Forum. Therefore, it was concluded that the EE scaffolded legitimate peripheral 
participation and by definition, supported teachers’ enculturation into the Math Forum 
community of practice. Thus, this study provides empirical evidence that the design of 
PD as a virtual boundary encounter can support teachers’ enculturation into an existing 
online community of practice. 
  
 
	 		 183	
Chapter 9: Summary And Conclusions  
 This study conceptualized of a virtual boundary encounter, a design for 
mathematics teacher professional development that could support teachers’ enculturation 
into the Math Forum. Aligned with the goals of mathematics education research, a large 
part of the Math Forum’s work over the last two decades aims to support teachers’ 
participation in more student-centered instructional practices. As discussed in chapter 
four, Math Forum staff achieve this goal by engaging collective activity around 
mathematics and mathematics education, purposefully archiving residue on the internet 
of mathematical activity, and increasing participation with their website. The 
EnCoMPASS project is one example of the work being done at the Math Forum. 
However, rather than the archival of resources and development of services, the residue 
from this PD project was an enhanced web-based assessment environment that was co-
designed by a community of teachers and the Math Forum. The philosophy of this 
approach to PD was that co-designing the EnCoMPASS Environment (EE) would be a 
way to support generative interactions between teachers and the Math Forum, but it 
would also be a way to generate a tool with features that appealed to both communities in 
which the tool could be integrated into other PD contexts. Accordingly, the design began 
with a few core features (discussed in chapter four) and then was tailored according to 
feedback from practicing teachers’ and the Math Forum’s use of the tool. After the EE 
was ready for wider use, this study integrated the EE into an online PD course for 
practicing teachers. Thus, this study was a case study of practicing teachers’ use of the 
EE in online PD. 
 The following summarizes the findings of this study and then discusses the 
significance, contributions, and limitations. 
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Summary Of Findings 
 As a result of the analysis of teachers’ participation in this study, there were 
several key findings (see Table 10 for an overview). First, chapter six showed how 
participants’ social network evolved in three stages. Stage one was marked by an 
emergent core/periphery structure. Stage two was marked by a slight change in the 
core/periphery structure and potentially impactful participation by the instructor. A 
reduced divide between core and periphery and the evolution of a network that became 
nearly fully connected defined stage three. The analysis of norms presented in chapter 
seven found that participants’ norms for mathematical activity evolved along a trajectory 
from static shape discourse to explaining why to emergent shape discourse. Chapter eight 
documented how the EE functioned in part, as a boundary object and scaffolded activities 
that contributed to the class’s participation in the challenging practice, which include two 
components, namely the evidence-based structure and challenging function. Moreover, 
chapter eight also documented the transfer of the challenging practice across modalities 
(from the EE to the DB). Briefly looking across the findings from the social network 
analysis presented in chapter seven and findings from the analysis of norms presented in 
chapters seven and eight provides insight into the extent to which particular participants 
were likely more involved in establishing the class’s social and sociomathematical norms.  
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Table 10: Looking Across the Analyses 
Week 1 2 3 4 5 6 7 8 9 10 
  
The evolution of the patterns 
of interactions Stage 1 
Stage 
2 Stage 3 
Explaining why         
Emergent shape discourse          
Challenging practice * *  *  * 
Transfer across modalities     
*The class did not use the EE during these weeks 
**The blue bars represent the primary weeks in which the particular norm or practice was in the process of 
emerging 
  
 I argued in chapter six that the entire class was less likely to have the potential to 
exchange more complex information that is typical to a community of practice because of 
the emergent divide in participation between the core and periphery during stage one/two. 
However, the analysis of norms presented in chapter seven indicated that participants 
began to participate in a social norm for explaining why during stages one and two of the 
class’s social network’s evolution. This creates a potential contradiction between the two 
results because it was argued that explaining why constituted a shift in the sophistication 
of the class’s mathematical discourse. Although, this contradiction suggests that the core 
of the network might have been more likely to begin to establish explaining why because, 
as it was shown in chapter six, the core quickly became familiar with one another as they 
talked to almost every other member of the core by the conclusion of week two of the 
course. Thus, we argue that at the conclusion of stage two of the course, the 
EnCoMPASS Community was defined by a core that explained why and a periphery that 
was in the process of enculturation into the core’s way of explaining why.   
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 Chapter six also showed that during stage three the class began to reach out and 
talk to colleagues with whom they had yet to talk to in stages one and two, which resulted 
in a reduced divide between the core and periphery. In this sense, there was evidence of 
legitimate peripheral participation in the network as peripheral participants and emerging 
participants talked to members of the core more frequently. Legitimate peripheral 
participation has implications for the evolution of a community’s practice as members of 
the periphery introduce new ideas into the core (Lave & Wenger, 1991). It is likely that 
during stage three of the social network’s evolution as peripheral participants and 
emerging participants increased their participation with the core they began to introduce 
new ways of making sense of why function graphs look a particular way. Therefore, we 
argued that stage three was likely defined by a process of peripheral and emerging 
participants’ enculturation into the core’s norm for explaining why as well as 
peripheral/emerging participants’ contribution to the establishment of emergent shape 
discourse.  
 This brief crosswalk between the result of analyzing the content of participants’ 
interactions and the pattern of participants’ interactions provided insight into who, 
according to structural position in the online network, was more likely to be responsible 
for establishing the class’s norms. These insights provide focused next steps for research 
that can better understand how teachers collectively develop more sophisticated norms 
for mathematical and pedagogical activity in online community-based PD.  
Significance  
 Enhanced instruction. The significance of this study is the potential impact it 
had on the EnCoMPASS Community’s instructional practice. The culture of teaching 
includes norms for autonomy and a ‘closed door’ policy where teachers keep private their 
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professional practice (Little, 1990). Deprivatization of practice has implications for 
instructional change as teachers collectively reflect on teaching and learning (Vescio et 
al., 2008). In particular, research shows that densely connected social networks indicate 
the presence of a group of teachers more likely to engage collective goals around 
improving instruction (Daly, Moolenaar, Bolivar, & Burke, 2010). The evolution of the 
EnCoMPASS Community’s social network indicates that participants broke down norms 
of privacy and provided a window into their instructional practice and mathematical 
thinking. The analyses presented in chapters seven and eight indicate that concurrently 
with the emergence of a densely connected social network participants began to engage 
generative conversations that resulted in the emergence of more sophisticated norms for 
mathematical activity and pedagogical practice. Thus, the EnCoMPASS Community’s 
participation in an online community-based PD course resulted in the emergence of a 
social network that created a context for improving participants’ instruction through 
continued participation in rich discussions about teaching and learning mathematics. 
 In addition to the potential of a densely connected social network for the 
EnCoMPASS Community’s instructional change, research indicates norms that emerge in 
alternative contexts are transferrable into teachers’ instructional practice (Vescio et al., 
2008). It is also known that as teachers begin to engage mathematical activity in different 
ways there is potential to engage with students’ mathematical ideas and mathematical 
discussions in different ways (Silverman & Thompson, 2008). Thus, the EnCoMPASS 
Community’s participation in norms for mathematical activity indicate that the class 
likely became better equipped to recognize occasions where, for instance, students 
explain why graphs have particular visual features. Recognizing such instances of 
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students’ thinking in classroom discourse creates opportunities to capitalize on this 
thinking and engage discussion with the student and/or class about the student’s idea.  
 Similarly, the EnCoMPASS Community’s participation in the challenging 
practice indicates potential for participants’ engagement in evidence-based feedback 
practices in their professional practice. Chapter eight argued that it is likely that 
participants began to appropriate the challenging practice as they were observed engaging 
the challenging practice in a non-scaffolded environment. This suggests increased 
likelihood that participation in this study impacted teachers’ instructional practice, as they 
are more likely to provide feedback to their students that include either the evidence-
based structure or challenging function or both. Engaging such practices has implications 
for the shifting of students’ ideas to becoming more central to participants’ instructional 
decision making as participants’ are more likely to focus on the details of their students’ 
thinking and provide feedback grounded in their students’ thinking that challenges them 
to expand their existing ways of understanding mathematics. Because participants also 
began to engage more sophisticated norms for mathematical activity (e.g. explaining 
why), there is also potential that participants have increased mathematical capacity to 
notice more sophisticated mathematics in their students’ thinking. Thus, taken together 
with providing feedback that has the evidence-based structure, participants are more 
likely to place student reasoning at the center of instructional decision-making.  
 It was also argued that participation in the challenging practice has implications 
for the permeability of the boundary between the EnCoMPASS Community and the Math 
Forum, resulting in the class’s legitimate peripheral participation with the Math Forum. 
This positions participants for more prolonged engagement in the Math Forum 
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community of practice. Thus, provided sufficient access and resources, the EnCoMPASS 
Community is more likely to persist in their engagement with the Math Forum and 
continue along a trajectory of increased participation from peripherality to full 
participation. Such an increase in participation would likely support participants’ 
sustained growth as educators. 
Contributions  
 Online teacher education.	The results of this study contribute to an 
understanding of how to scaffold generative participation in online teacher PD. Typical 
patterns for collaboration in teacher communities involve norms of agreement where 
there is an “illusion of consensus” that guides collaborative work (Grossman et al., 2001). 
There is also a history of research that indicates in online asynchronous discussions 
teachers overwhelmingly share and compare information rather than engage negotiation 
(An, Shin, & Lim, 2009; Gunawardena, Lowe, & Anderson, 1997; Hendriks & Maor, 
2004; Yücel & Usluel, 2016; Zhang, Liu, Chen, Wang, & Huang, 2017). Silverman 
(2012) analyzed teachers’ collaboration in online asynchronous mathematical discussions 
and found that teachers who more frequently engage norms for collaboration that include 
questioning and challenging colleagues (the function of the emerging pedagogical 
practice) were more likely to show significant gains in their mathematical knowledge for 
teaching (MKT). MKT is the mathematics specific version of pedagogical content 
knowledge (Shulman, 1986) and research indicates that teachers who score better on 
instruments that measure MKT tend to have students who perform better on high stakes 
tests (Hill, Rowan, & Ball, 2005).   
 Chapter eight showed that participants initially engaged interactions consistent 
with findings from extant research as they shared and compared information when 
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discussing mathematics. However, activity scaffolded by the EE contributed to 
participation in the challenging practice. The challenging practice is consistent with the 
types of interaction documented by Silverman (2012) as significant for the development 
of MKT. This indicates that participation scaffolded by the EE created a context in which 
(1) broke downs norms of agreement that are typical in teacher community and (2) 
enhanced the potential for participants to experience an increase in MKT.  
 One way to leverage the results of this study to have a broader impact on online 
teacher education is to make recommendations for the modification to the design of 
Learning Management Systems (i.e. blackboard) to include features similar to the design 
features of the EE (e.g. the selection tool and the noticing and wondering commenting 
tool). Scaffolding teachers’ participation in a typical discussion board environment with 
design features consistent with the selection tool and the noticing and wondering 
commenting tool could have implications for changing the culture of online teacher 
discussions from conversations where teachers primarily share and compare information 
to conversations that are evidence-based and include negotiation.  
 Mathematics teacher professional development. In chapter two we proposed a 
theoretically driven conjecture for the design of a virtual boundary encounter, which was 
carried out in this study as a means to support study participants’ enculturation into the 
Math Forum. Chapter four outlined, in part, how we carried out this design by 
documenting the practices of the Math Forum as well as our design conjectures regarding 
how the EE would scaffold activities consistent with the Math Forum’s practices.  
 In chapter eight, we argued that (1) the EE scaffolded participation in particular 
activities (i.e. making selections and making comments on selections), (2) participation in 
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these activities contributed to participation in the challenging practice, (3) participants 
began to appropriate the challenging practice, (4) the challenging practice was along a 
continuum of becoming consistent with the Math Forum’s evidence-based feedback 
practices, (5) participants became legitimate peripheral participants of the Math Forum 
community of practice. From this chain of reasoning we can conclude the EE scaffolded 
legitimate peripheral participation and by definition supported participants’ enculturation 
into the Math Forum community of practice. On these grounds, we make the claim that 
the EE served as a proxy for participation with the members of the Math Forum 
community of practice.  
 This idea of technology serving as a proxy for participation with members of a 
community is at the core of our conceptualization of a virtual boundary encounter. In this 
sense, a virtual boundary encounter is a conceptualization for the design of technology 
that can mediate activity with a community through specifically crafted design features 
that scaffold activities consistent with the community’s practices. Thus, the major 
contribution of this study is an emerging framework for the design of mathematics 
teacher professional development as a virtual boundary encounter. The design includes: 
(1) distilling and articulating a community’s practices, (2) generating conjectures 
regarding design features of a software environment that can scaffold activities consistent 
with a community of teacher educator’s practices, (3) developing a software environment 
that includes such design features, (4) the testing and refining of the design of the 
software environment in a collaborative environment between communities of teachers 
and the community of teacher educators in order to ensure the software has features that 
appeal to both communities, and (5) creating an environment for communities of teachers 
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to engage collective activity mediated by the software environment. The current study 
provides empirical evidence that mathematics teacher professional development designed 
as a virtual boundary encounter can support teachers’ enculturation into an existing 
online community and concurrent development of generative and productive instructional 
practices (e.g. challenging practice). Moving forward, future research is needed to better 
understand how this design for PD has a broader impact on teachers’ instructional change 
 This contribution to mathematics teacher PD is significant because it has 
implications for enhancing accessibility to effective PD through the design of technology 
that serves as a proxy for participation with communities of mathematics teacher 
educators⎯ providing a scalable approach to seeding generative and productive norms 
into existing communities of teachers through expanding the outreach of communities of 
mathematics teacher educators.   
Limitations 
 One of the limitations of this study is that the analysis only focused on the social 
construction of norms and collective practices. Guided by the emergent perspective, this 
study conceived of learning as a reflexive relationship between individual mathematical 
development and enculturation into a community of practice. While in this study I 
examined participants’ collective activity, more complete analysis would investigate 
individual conceptualizations of the emerging norms and then coordinate across the two 
analyses to better understand how, for example, teachers come to engage emergent shape 
discourse in online community-based PD. Such analysis could have implications for 
refining the design of the EE and further nuancing the design of the virtual boundary 
encounter. 
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 The second limitation of this study was the limited data on participants’ activity 
scaffolded by the EE. The analysis of participants’ activity scaffolded by the EE focused 
on the feedback participants generated in the scaffolded environment. However, we did 
not have access to the process by which participants generated this feedback. In 
particular, participants engaged a process of making selections, making comments on 
those selections as well potentially reflecting and modifying this work prior to sending it 
to their colleagues. Data on this process could provide additional insight into how and 
why the tool scaffolded activity in the challenging practice as well as why it did not 
scaffold engagement in other conjectured activities (i.e. categorizing student work).  
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